COEFFICIENT CHARACTERIZATIONS AND SECTIONS FOR
SOME UNIVALENT FUNCTIONS

M. OBRADOVIC, S. PONNUSAMY f, AND K.-J. WIRTHS

ABSTRACT. Let G(a) denote the class of locally univalent normalized analytic
functions f in the unit disk |z| < 1 satisfying the condition

1
Re<1+zf (Z)) <1+2 forlz] <1
f'(z) 2
and for some 0 < o« < 1. In this paper, we first prove sharp coefficient bounds for
the moduli of the Taylor coefficients a,, of f € G(a). Secondly, we determine the
sharp bound for the Fekete-Szegé functional for functions in G(a) with complex
parameter A. Thirdly, we present a convolution characterization for functions f
belonging to G(a) and as a consequence we obtain a number of sufficient coefficient
conditions for f to belong to G(«). Finally, we discuss the close-to-convexity and
starlikeness of partial sums of f € G(«). In particular, each partial sum s,,(z) of
f € G(1) is starlike in the disk |z| < 1/2 for n > 11. Moreover, for f € G(1), we
also have Re (s),(z)) > 0 in |z| < 1/2 for n > 11.

1. INTRODUCTION

Forr > 0, let D, := {2z € C: |z| < r} and D := D; be the open unit disk in the
complex plane C. Let A denote the family of all functions f that are analytic in D
of the form

(1) f(z):z+§:anz", zeD.

The class of univalent functions in A is traditionally denoted by S. A function
f € S is called starlike if f(D) is starlike (with respect to the origin), i.e. every line
segment joining the origin to w € f(D) lies completely inside f(ID). The class of all
starlike functions is denoted by S*, and functions f € S* are characterized by the

condition ,
Re (zf <Z)) >0, zeD.
f(z)
With the class S being of the first priority, its subclasses such as the class of convex
and the class of close-to-convex mappings, respectively denoted by C and K, have
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been extensively studied for many years. These classes together with the class of
typically-real analytic functions and the class functions convex in a direction are
well understood and are studied in detail in the literature (see the books of Duren
[?] and Goodman [?]).

If f €S of the form (?7) is arbitrary, then from the argument principle we see
that the n-th partial sum/section s,(z) := z + > ._, axz" of f is univalent in each
fixed compact subdisk D, of D provided that n is sufficiently large. In this way one
can get univalent polynomials in S by setting p,(z) = r~1s,(rz). Consequently,
the set of all univalent polynomials is dense with respect to the topology of locally
uniformly convergence in the class S. In 1928, Szegé [?] proved that if f € S then
each partial sum s,(z) of f is univalent in the disk D /4. Clearly the partial sums
of f € § are not necessarily univalent throughout the unit disk D as the convex
univalent function f(z) = z/(1 — z) demonstrates. Moreover, the second partial
sum $o(2z) = z 4 22* of the Koebe function k(z) = z/(1 — 2)? is univalent in D 4,
and the radius 1/4 is best possible. We refer to [?, §8.2, p. 241-246] and the survey
article of Iliev [?] for some related investigations. The radius of starlikeness of the
partial sum s,(z) of f € &* was proved by Robertson [?].

Theorem A. [?] (see also [?, Theorem 2, p. 1193]) If f € S is either starlike, or
convez, or typically-real, or convex in the direction of imaginary axis, then there is
an N such that, for n > N, the partial sum s,(z) has the same property in D,,
where r > 1 —3n"!logn.

Later in [?] Ruscheweyh proved a stronger result by showing that the partial sums
sn(2) of f are indeed starlike in D, /4 for functions f belonging not only to S but
also to the closed convex hull of §. Robertson [?] further showed that sections of
the Koebe function k(z) are univalent in the disk |z| < 1 — 3n"!logn for n > 5,
and that the constant 3 cannot be replaced by a smaller constant. In [?] Jenkins
observed that a modification of the proof of Szegé [?] gives

rm>1—(4+en tlogn

for each € > 0, and for all large n, so that s,(z) of f € S is univalent in |z| < r,. The
Koebe function is extremal for many basic functionals on S and so it is of special
interest. However, Bshouty and Hengartner [?, p. 408] pointed out that the Koebe
function is no longer extremal for the radius of univalency of the partial sums of
f € S. The exact (largest) radius of univalence r,, of s,(z) (f € S) remains an open
problem (see [?, §8.2, p. 246] and [?, §6.4]). However, a well-known deeper result
due to Ruscheweyh and Sheil-Small [?] (see also [?]) on convolution implies that if
f belongs to C, §*, or I, then its n-th section is respectively convex, starlike, or
close-to-convex in the disk |z] < 1 —3n~tlogn, for n > 5. Concerning the class S,
the first two authors in [?] proved the following

Theorem B. Let f € S. Then every section s,(z) of f is starlike in the disk
|z| < 1/2 for alln > 47.

In this paper, we shall consider the class G(«) and discuss various properties of
it. A locally univalent function f € A is said to belong to G(«), for some o > 0, if
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it satisfies the condition

z2f"(2) a
(2) Re(1+ f’(z))<1+2’ z € D.
In [?], Ozaki introduced the class G(1) = G and proved that functions in G are
univalent in . Later in [?] Umezawa discussed a general version of this class.
Moreover, functions in G are proved to be starlike in D, see for eg. [?, Example 1,
Equation (16)] and [?, Theorem 1] (see also [?]). Thus, the class G(«) is included
in §* whenever o € (0,1]. It can be easily seen that functions in G(«) are not
necessarily univalent in D if o > 1. However, to our knowledge there is no sharp
necessary coefficient bound on |a,| for functions in G(«). In Theorem ??, we solve
this problem using the method of Rogosinski [?].

For f € A of the form (?7), the classical Fekete-Szeg6 coefficient functional

A)\<f) = asz — )\CL%

plays an important role in function theory. The problem of maximizing the abso-
lute value of the functional Ay(f) is called the Fekete-Szego problem, see [?]. For
instance, if f € S and A € (0,1), then the Fekete-Szegd theorem [?] (see also [?,
Theorem 3.8, p. 104]) gives that

lag — Aa3| <1+ 2exp(—2)/(1 = X)) for A € (0,1).

Equality holds for a function f € & and with real coefficients. Allowing A\ — 1—, we
have the elementary inequality |as —a3| < 1 for f € S. Solution to the Fekete-Szego
problem corresponding to various subclasses of & have been dealt by a number of
authors. See for example [?, ?, ?, 7, ?] and the recent paper [?] on this problem for
the class of concave functions.

The paper is organized as follows. First we prove sharp coefficient bounds for the
moduli of the Taylor coefficients a, of f € G(a). Secondly, we solve the Fekete-
Szego problem for functions in the class G(«) with complex parameter A. Thirdly,
we present a convolution characterization for functions f to be in the class G(«).
As a consequence we obtain several sufficient coefficient conditions for f to be in
G(a). In Section ??, we present a number of useful lemmas. Finally, in Section 77,
we use these lemmas to discuss the close-to-convexity and starlikeness of sections of

fegla).
2. COEFFICIENT ESTIMATES AND THE FEKETE-SZEGO FUNCTIONAL
Theorem 1. Let f € G(«) for some 0 < o <1 and f(2) => .2 a,z". Then

n=1

la,| < forn > 2.

n(n —1)

Equality is attained for the function f, such that f!(z) = (1 — z"=1)*/(=1) ' > 2,

Proof. Let g(z) = zf'(z), where f € G(«). Then, according to (??), we need to
consider functions g that fulfill the condition

Re(m) <7:1+g, z € D.
9(2) 2
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This is equivalent to
z9'(2)
T G
(3) Re <7g()> >0, zeD.
vy—1
Since the function whose real part we have considered here is normalized such that

its value at the origin equals 1, there exists an analytic function w : I — D such
that

(4)
Some obvious computations deliver

(5) 29'(2) — g(z) = 2w(2)(2¢'(2) + (1 — 27)g(2)).
Now, let

Y= —Zg(S) 1+ 2w(2)

y—1 11— 2w(2)

g(z) =2+ anz".
n=2

Then b, = na, for n > 1, where a; = 1. It suffices to find bounds for the moduli of
the Taylor coefficients b,, n > 2. In order to achieve this goal, we use Theorem 2.2
in [?] (compare also [?, 7, ?]). Using these methods, we immediately see that (?7?)
implies for each N > 2 the inequality

N N-1
oIk =Dl <> (k= 1= a)bel’, a=2(y—1).
k=2 k=1

Since b; = 1, we derive by mathematical induction the inequality
Q@

(6) |bn] < S
for each n > 2. Equality in (?7?) can be achieved if and only if
by =0, m=1,...,n—1.
If we insert this into (?7) and assume equality in (?7), we recognize that this implies
w(z)=2""2 n>2.

Thus, the upper bound is attained for the function

gn(2) = 2fn(2) = 2(1 = 2" )00 n > 2,
The proof is completed. O

For a locally univalent analytic function f in ID, the pre-Schwarzian derivative T’

of f is defined by Ty = f”/f’, and we define the norm of T} by
I 77| = sup(l — |2[*)[T%(2)].
zeD

This is indeed a norm with respect to the Hornich operations (see [?]). It is well
known that if ||| < 1 then f is univalent in ID. On the converse part, every
univalent function f € S necessarily satisfies the condition ||Ty|| < 6 and the bound
6 is sharp (see [?]).
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As a quick corollary to Theorem 77, we can state the exact set of variability for
the functional (1 — |2|*)T}(2), f € G(a), which essentially gives the sharp upper
bound for the pre-Schwarzian norm ||7%||.

Corollary 1. Let « € (0,1] be fized. Then the set of variability of the functional
(1 —|2|)Ty(2), f € G(), is the closed disk centered at the origin with radius 2c.

Proof. Let f € G(a). According to the characterization (??) or (??), for functions
f € G(a) (with g = zf"), we easily have

f"(2) aw(z)

fiz) 1—zw(z)

By the condition |w(z)| < 1, this gives the estimate

/() o
Ve
and therefore,
(1— |2 »;i/((j))‘ <a(l+z]) < 2.

The bound 2« is sharp as the function f(z) for which f'(z) = (1 — 2)* shows. [

In particular, Corollary ?7 shows that every f € G necessarily satisfies the sharp
inequality ||T|| < 2.

Theorem 2. Let f € G(a) for some 0 < a <1 and f(z) = z+ > ", a,z". Then,
we have

3 2 2

T—a—2a) for A——(1—-a)| > —

9 6 2 3a 3a
jas = Aax"| < a 2 2

a A (1 il

6 for )= ggtma)j <55

Equality in the Fekete-Szego functional is attained in each case.

Proof. Let f € G(a), f(z) = >0 a,2" with a; = 1, zf'(z) = g¢(z) and v =
1+ («/2). Then (??7) holds and is equivalent to
2f(2) = aw(2) (2 f"(2) — azf'(2)).
If in this formula, we let
w(z) = chzk,

k=0
then we get by comparing the coefficients of 22 and 23

2a9 = —copav and 3as = —%a + co(1 — a)as.

Using the first equation, the second becomes

2
3as = —%a — %004(1 — ).
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Using these two expressions, the Fekete-Szegd functional for the family G(«a) takes
the form

1
jay — M| = aler + pc
where 3
,u:(l—oz)—éoz)\.
It is well-known that |co| < 1 and |c;] < 1 — |eo|*>. Due to the second inequality,
which is sharp, we get
a
jas — daz| < = (1 —eof* + [l |eol)-
Hence, the following sharp inequality is valid:
o .
jay — Aa2] < Ll i Jul > 1,
and the equality in this inequality is attained for f/(z) = (1 — ze¥)*, 6 € [0, 27]. In
the other case, we have
2 a
las — Aaj| < 6 if |p| < 1.
Equality in the last inequality is attained for f'(z) = (1 — 22¢)%/2 § € [0, 27].
Finally, it is a simple exercise to see that |u| < 1 if and only
2 2
A——(1- < —
’ 3oz< @) 3a’
The proof is completed. O

If we let a = 1, then the above theorem gives the following.

Corollary 2. If f € G and f(z) =z + )~ ,a,2", then

for |A[ =
’as — >\CL22’ <

D= ] >
WIN o) o

for |\l <

Equality in the Fekete-Szego functional is attained in each case. In particular, one
has the sharp inequality |as — as?| < 1/4 for f € G.

3. CONVOLUTION CHARACTERIZATION

If f, g are analytic in D with

:ianz" and ¢g(z Zb 2"
n=0

then the Hadamard product (or convolution) of f and g is defined by the function

(f*9)(z Zanbz

Clearly, f % g is analytic in D. In view of the Hadamard convolution, it is now
possible to present a convolution characterization for functions in the class G(«a).
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Theorem 3. Let 0 < a < 1. Then, f € G(«) if and only if

(7) f<;’> L= ((2/8)(_:6;;31) LRI

for all |z| <1 and for all x with |x| = 1. Fquivalently, this holds if and only if

(8) iAnz”I #0 (z€D, |z|=1)

where f(z) = z+ > ", a,2" and
Ay =na,(1-((z+1)/a)(n=1)) (n>1, oy =1).

Proof. We recall that f € G(«) if and only if Re P(z) > 0 in D, where
2 "

Py =1- 22)

a f'(z)

We note that P is analytic in D with P(0) = 1. Thus, f € G(«) is equivalent to

m@%%ﬁ% (€D, 2] =1, 2 £ —1)

which, by a simplification, is same as writing

9(2)

(9) (:E+1)g’(z)—(a+x+1)77é0
where g(z) = zf'(z). Recall that
g(ZZ) = g(ZZ) * 7 i . and z¢'(z) = g(z) * a _22)2

Using these identities, g(z) = zf'(2), (?77?) gives that f € G(«) if and only if

f’(Z)*((x+1)ﬁ—(a+x+1)liz) £ 0.

Thus, (?7?) is equivalent to
1 z z
Since zf'(z) x ¢(z) = f(2) x 2¢'(2), we may write the last relation as
1 2(1+4 2) z
— 1 — 1)—— .
. {f(z)* ((J:+ )<1 —2) (a+x+ )(1—z)2)} # 0
After some simplification the above takes the equivalent form given by (?7), i.e.

&*@7&07 4(2) = az—(2(x+1)+oé)22_

2 z (1—2)3

To obtain the series formulation of it, it suffices to observe that

e}

q(z) = Zn((:p +1n—(a+z+1))2"

n=1
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The proof is completed. O

Theorem 4. Suppose that f(z) =z + Y, a,2" satisfies any one of the following
conditions for some o € (0,1]:

[e o]

(2) Y n(2(n — 1) —a)a,] <o

b) Z In(n—1—a)a,—(n—1)(n—2—a)a,_1|+ (n—1)|na, — (n—2)a,_1| < «,
(c) In(n—1—a)a,—(n—2)(n—3—a)an—a|+|(n—1)na,—(n—3)(n—2)a,—2| <

n=2
.

Then f € G(a).

Proof. According to the convolution criterion of functions in G(«) and the notation
of Theorem 77, it suffices to show that

n=2
in D for |x| = 1. Here
A= ="~ (1+a)+ (n=1a) (n>2)
(67

Let us first assume that (a) holds. We observe that the condition (??) obviously
holds, if Z | An | < 1. Indeed, for |z| = 1, the triangle inequality gives

(e 9]

—(14+a)+(n—1)) :é2n|an|(2n—2—a)

n=2

and the condition (a) implies that > 7, [A,] < 1.

Next we assume (b). If we multiply (??) by a nonvanishing factor 1 — z, z € D,
it can be easily seen that ", |A, — A, ;| < 1 infers that f € G(a). Clearly, for
all |z| =1, we have
alA,—A,—1| < |na,(n—(14+a))—(n—1)an,_1(n—1—(1+a))|[+(n—1)|na,—(n—2)a,_1|
and thus, the assertion follows under the condition (b).

The final case follows if we multiply the inequality (??7) by 1 — 2% and proceed
with the above method of proof. Indeed

(1—2?) (1+ZA 2" 1) :1+§:(An—An2)z"1

n=2

and

alA,—A, o] < |n(n—1—a)a,—(n—2)(n—3—a)a,—o|+|(n—1)na,—(n—3)(n—2)a,_s|.
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Clearly, a computation shows that the condition (c¢) implies that

e}

Z ‘An - An72‘ S 1

n=2

and hence, f € G(a). O

We remark that one can obtain several new sufficient conditions if we multiply
the inequality (??) by a suitable non-vanishing polynomials in D, such as (1 — 2)?
and 1+ 2z + 22, and proceed with the above method of proof. The case o = 1 of
Theorem ?7? gives the following simple form.

Corollary 3. Suppose that f(z) = z+Y ., a,2" satisfies any one of the following

conditions:
o0

(1) 3" n(2n —3)fa < 1
(b) Z In(n —2)a, — (n—1)(n — 3)an_1| + (n — 1)|na, — (n — 2)a,_1| <1,

(c) Z In(n—2)a, —(n—2)(n—4)a,—2|+|(n—1)na, — (n—3)(n—2)a,_2| < 1.
Then fng g.

4. SOME LEMMAS

Lemma 1. Let f € G(a) and

1
(1 2)

for some complex coefficients d,,. Then the inequality

n

(12 i< (77) = Tl k=)

n n!
k=1

holds for each n € N. Equality is attained for f'(z) = (1 — z)*.

Il+d12+d222+"'

Proof. As before, we let g(z) = zf’(z) and consider the function u defined by

z z

w(z) = —— = =z+ dezk“.
(2) =

g(z) f

() e

for f € G(a), we get as in the proof of Theorem ?? that there exists an analytic
function w : D — D such that

() G

Since
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After some obvious computations this implies
20/ (2) —u(z) = 2w(2) (20 (2) — (1 — @)u(z)).

Use of the same method as in the proof of Theorem 77 leads us to the inequalities
n n—1
D R < o+ ) (k+ a)?ldy]
k=1 k=1

for each n € N. The last inequality is equivalent to the inequality
n—1
n’|dn|” < 0” + > (2 + a)|di
k=1

and the assertion (?7?) follows by mathematical induction. O

To prove the next lemma, we need the following result whose proof is a simple
exercise, and so omit its details.

Lemma 2. Let ke Nand1 <i<k,n; e N,j=1,...,14, be such thatzz.zlnj = k.
Then

[[n+1)>k+1.

j=1
Lemma 3. For a € (0,1), let h'(z) = (1 — 2)~. If
Py o
— =1+ 0n2",
h(z) nz::l
then
(13) 0<d, < L ﬁ(a+k3—1)< a
" (n+1)! “n+1

for each n € N.

Proof. The third inequality in (??) is obvious and so, we now prove the first and
the second one. For a € (0,1), we consider

Rz)=1-2)=1- Z%z",
n=1

vy = (—1)"1 (‘:L‘) > 0.

By integration this formula gives

where

[e.e]

h(z) =2z — Tn_ne1
—~n+l
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so that

z 1 o0
= =1 02",
h(z) 1-=>0° X0 + ; ®

n=1 n+1
To prove (?7), we use the abbreviations

h'(z)=1—F(z) and — =1—G(z),

which imply

1 (e 9] o0
) = 1—1—2:117’(,2)11‘C = 1+Zdnz” and % = 1+ZG(z)k
k=1 n=1 k=1

From these representations we see that the d,, can be computed as polynomials with
positive coefficients in the ~,, where the monomials are of the form

H’V"r
j=1

Therein ¢ and the n;,j = 1,...,7 are to be chosen as in Lemma ??. If we compute
the d,, in an analogous way using the function G, we get analogous polynomials, but
the monomials are of the form

This immediately proves the first inequality in (??). Since Lemma ?? implies

T
Hn]+J1—k+1H%J’

we have proven the second one as well.

Comparison of this expansions with the expansion of 1/h" delivers (??) for each
n € N. O

Lemma 4. Suppose that f € G(«) for some « € (0,1], and s,(2) is its n-th partial
sum. Assume that |1/ f'(2)] < M inD for some M > 1. Then for each n > 2

'@ 1'—'2' <n+ "1—|z|)’ At

where A,, = (ﬂ + 1) M2 —1.

V6

Proof. We follow the method of proof of [?] with necessary modifications. For
f€G(a), welet f(2) =z + azz® + azz® + - -+ so that

$n(2) = 2+ ap2® +az2® + - 4+ a2

Since f € G(«) is univalent (and starlike) in D, f’(z) is non-vanishing in D and
hence, 1/f'(z) can be represented in the form (??) so that

(14 2a92 +3a3z> + - )1+ diz +dp2® +---) = 1.
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Note that 2as = —d; and from the last relation we see that
m—1
Z (m—k)ay_rdr, + ma, =0 (m=2,3,...; ap =1).
k=1

By using the representation for the partial sum s,(z), we obtain that

?’f((j)) = l+e2" +epp2™ 4+
where
Cn =napdy + (n — 1)a,_1dy + - - - + ayd,,.
The previous relation for m = n + 1 shows that ¢, = —(n + 1)a,y; and more
generally,

Cm = nandmfnJrl + (n - 1)an71dmfn+2 + -+ 2(12dm71 + dm

form =n-+1,n+2,.... By Theorem ??, one has the inequality |a,| < a/(n(n—1))
for all n > 2, and therefore, we have that for m >n + 1

(14) |Cm _d|<a§:|m"M| zﬂmzﬂ

k=1

By assumption [1/f'(z)] < M for z € D. Hence for 0 < r < 1 we have from the

series representation of 1/f’(z) that
1 2 2

2

1

o =1+ |dy|*r* < M
k=1
which, by allowing r — 17, shows that
(15) > ldi? < M? -1
k=1
In view of the Cauchy-Schwarz inequality and the last inequality, (?7) reduces to

1 12 s 1/2
|em — dm| < a (Z %) <Z|dmk|2> < ay/(72/6)(M? —1)

for m > n+ 1. Moreover, by (??) we have |d;| < M? —1 for each k > 1. Using this,
the last inequality gives

MM<< )V____A

V6
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for m > n+1. This inequality together with the fact that |c,| = |(n+1)a,+1| < a/n
(by Theorem ?7), gives that for |z| =7 < 1,

$n(2) n n
S A = e et
< leal [2™ + lensal 2" +
< o (24 a, 0
n 1— 7]
for n > 2. This completes the proof of Lemma ?7?. O

Lemma 5. Let f € G(«) for some a € (0,1] and s,(z) be its n-th partial sum.
Then for each r € (0,1) and n > 2, we have

sh(2) e am 1—(1—=r)2 |z]
< |z| <ﬁ+ <%+1> =) r—|z|> for|z| <r.

f'(2)
Proof. Suppose that f € G(«). Then
1 1
PE =
where < denotes the usual subordination ([?, ?]). Therefore,
1 < 1
f) T A =r)e

Following the proof and the notation of Lemma 7?7, one has

(18) > ldir < M(r)? -1
k=1

(16) —1

z €D,

(17) = M(r) for|z|=r < 1.

and therefore, (?7) may be rewritten as

n—1 |d | n—1 1
m—Fk m—
SRS S ST PP
k=1 1

k=

for any arbitrary fixed r € (0,1). Thus, by the Cauchy-Schwarz inequality, we have

n—1
ol < (3 gt ) (et
k=1
1 2=
S 042 (ﬂ—m ﬁ) (M(T’)Q — 1)
k=1
0z2 7T2

< Gmg (M) -1)

which is true for each fixed r € (0,1), and for m > n + 1. Further, because (see

(?7))
di|r® < /M(r)2 —1 for each k > 1,
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it follows from the last inequality that for m >n + 1

m 1 far
Z M —1< — —+1)( M —1).
VAT o (O ")

As in the proof of Lemma 77, using the above estimate, we easily have

sl (2) ‘ (a 1 (omr ) |z| /7 )
-1 <]Z|"l=+=(—4=+1 ( Mr2—1)7
O RN ) T e

for |z| < r. Finally, the proof of the theorem follows if we substitute in the above
the expression M (r) = (1 —r)~® given by (?7). O

(6%
lem| < |dm| + m

Given complex numbers a, b, and ¢ with ¢ # 0,1,2, ..., let

F(a,b;c;2) == Z (azz)(i))k%’ zeD,

k=0

denote the Gaussian hypergeometric function, where (a), denotes the Pochhammer
symbol (a)o =1, (a) :==ala+1)---(a+ k — 1) for K € N. When a is neither zero
nor a negative integer, then using the definition of the Gamma function we write
L(k+a)

=T
The following well-known formula
I'(c—a—=0b)(c)
I(c—a)l'(c—10)’
will be used and the function F'(a,b;c; 2) is bounded if Re (¢ —a —b) > 0.

F(a,b;c;1) = Re(c—a—1b) >0,

Lemma 6. Suppose that f € G(«) for some o € (0,1], and s,(2) is its n-th partial
sum. Then for each n > 2 we have the following:

(1) fora=1,
sn(2) 1 2]
—1 "(— 4R —r<1
e Rl O e E) EELES!
1 w2
where R = — + .
V3 3v30

(2) for a € (0,1),

S"<z>_1‘<‘z|n(%+ﬁ’(a) |_Z‘z)7 2| =7 <1,

f(2) n+1) 1= 2]
where
B ar? \ VF(la—1,a-1;1;1)— (a —1)2 -1
R(a)-(l—i—gm) . :
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Proof. As in the proof of Lemma ?7?, we let f(z) = 2 + a92® + azz® + -+ so that
sn(2) = 2+agz® +azz®+- - -+a,2". Since functions in G(a), a € (0, 1], are univalent,
each f € G(a) can be written in the form

(19) =1+biz+bp2?+---

z
f(2)
for some complex coefficients b, (n > 1). In view of this observation and the other
form of representation for f, it follows that
(14+asz+asz® +-- )1+ bz + b2 +---) = 1.

Comparing the powers of z on both sides, we have

-1

(20) bk +am =0 (Mm=23,...; ap =1).
1

3

i

Using the representation for the partial sum s, (z) of f and (?7), we obtain that

j?é:)) = (I+az+as2®+ - +a,2" )1+ bz +b2? +---)
= 142" +epp2" 4
where
(21) cn = bia, + byay,_1 + -+ byay.
By (??), we observe that the coefficients of 2* in the above expansion for k =
1,2,...,n — 1 vanish. Equation (??) for m = n + 1 shows that ¢, = —a, 1. Also
(22) Cm = bm—nt10n + by_p120,_1 + -+ + bpay

form =n+1,n+2,.... By Theorem ??, |a,| < a/(n(n — 1)) for all n > 2, and
therefore, for m > n + 1, we have
a

(n—1)(n—2)

Using the classical Cauchy-Schwarz inequality, it follows that for m > n + 1,

[em = bnf* < o7 (Zl n+1—k:1) (n—k )(Z“’m"”f')

k=1

(6%
|Cm_bm| < |bmfn+1‘ =+ |bmfn+2| ++§‘bmfl‘

n(n —1)

3

where

n—1
A= Z 2k2 and B = Z|bm—n+k|2-
k=1

For f € G(a) we have f’ (z) =< (1 — 2)® which in turn gives by the subordination
result that
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When f is of the form (??), it is convenient to write the last subordination relation
in the form

z zla+1) s
(23) o ST e = +;dk2k.

By using the Rogosinski theorem (see [?, Theorem 6.2, p. 192]) we obtain that

(24) o< ldif
k=1 k=1

Case 1. Let a = 1. In this case (?77) takes the form

z 1 =1,
o ST

so that dj, = 2% for k > 1. By this observation, (??) reduces to

S 3lar -3 %=1 (1-4)
k=1 k=1 k=1

which implies that

oal»—‘

B<Z|bk <

Thus, B < 1/3. Also, |b,| < 1/V/3 for each m > 1. On the other hand for the sum
A, we observe that
n—1 — 0
1 1 m
A= - =90
Y G o S Zk <2

Thus for m > n + 1 we have
2

s
V270

|em — bm| < VAB < form>n+1

so that
2 1 7T2
lem| < |bm| + —= +—==R form>n+1

\/ﬁﬁ?ﬂ@

This inequality, together with the fact that |c,| = |a,1| < ==

(for the case

(n+1)n
a = 1), gives that for |z| =r < 1,
Sn(2) 1
=11 < eal 2" + lepaa] 2] +
/() '
1
< 2"+ R (|2 |2 )

(n+1)n
(1 E
= |4 ((n+1)n+R1—\z|)

for n > 2. The proof of Case 1 is done.
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Case 2. Let a € (0,1). Then, f'(z) < '(2) = (1 — 2)®. According to Lemma 77,

(??7) takes the form

z
=1+) 4,2"

Ch h Z

where 4, satisfies the inequality (?7) for n > 1, ie.

T (n+ 1)
As in the proof of Case 1, it follows that

B<Y [l <) |af
k=1 k=1

1].

where
— 2 —  (@)k()s
D St
B 1 (o —1)g(a = 1),
- (a—1)? ,; (D)r(1)x
= ﬁ[F(a—l,a—l;l;l)—(a—l)Q—
Thus,
(25) B§ﬁ[F’(a—l,a—1;1;1)—(&—1)2—1].

For a € (0, 1), we easily have

(@)k a
(k+1)! ~ k+1
and therefore, we can obtain the estimate

B< 200 1 o 2
<) Gy !

although we do not use it here. However, using (??) and the estimate A < 7*/(90),

it follows that

lcm — bm| < @ AB<<\/F(O‘_170‘_1§1;1)—(a—1)2_

for m > n + 1. Moreover, (?77?) also gives

and thus, for m > n + 1, we have

1\ ar
11—« V90
b < VFla-1Ta-111) - (a—12-1
= 11—«
(v —1)2 —

lem| < |bm| + aVAB < (1+

an? ) VFla—-1a—-1;1;1) -
3v10 -«

1
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The desired inequality in the statement follows as in the proof of Case 1. U

5. INJECTIVITY AND STARLIKENESS OF SECTIONS OF f € G(a)

Theorem 5. Let f € G(a) for some a € (0,1], and s,(z) be its n-th partial sum.
Then, Re{s,,(2)} > 0 in the disk |z| < 1/2 for n > N, where N is the smallest
natural number such that sin~*(K,) < (3 — a)7/6, where

0 ko))

Here the natural number N depends on the values of c.
Proof. Let f € G(«). Then, if we put r =2/3 in (?7), then (?77?) gives

Fa e (e () o1 (3) 2am) e

The inequality (?7?) for |z| = 1/2 together with the maximum modulus principle
give that

(27)

$n(2)
- 1| < K, for |z]| <1/2
/') el
and from this, we easily have
(2|
28 max |arg ——=| < sin~ " (K,).
(28) e, e iy | < (Ka)

Moreover, as f'(z) < (1 — 2)%, it follows that
1
(29) mex larg f/(2)| < asin~! (5) _ %.

The last two inequalities together with the maximum modulus principle gives that

/
1
|args! (2)] < |arg f'(2)| + argjc’fT(j)) < % +sin "t (K,) for |z| < 3
and thus,
, 7r
Jarg ()] < 7
holds if sin™*(K,) < (3 — a)7/6. The desired conclusion follows. O

The case o = 1 simplifies to

Corollary 4. Let f € G and s,(2) be its n-th partial sum. Then, Re{s (2)} > 0
in the disk |z| < 1/2 for n > 11. In particular, s,,(z) is close-to-convez (and hence
univalent) in |z| < 1/2 forn > 11.
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Proof. Set @ = 1 in Theorem ??. Then, Res!(z) > 0 for |z| < 1/2 whenever
sin"'(K;) < 7/3 holds, where K, is given by (??). However, the last inequality
is easily seen to be true for all n > 11, and hence, s,(z) is close-to-convex for
|z| < 1/2. O

Corollary 77 improves the result of Obradovi¢ and S. Ponnusamy [?] in which this
result was proved for n > 13. Further, the values of N = N(«) in Theorem ?? for
various choices of « in the interval (0,1) can be computed using Mathematica. For
example, for

a=5/6,4/5,3/4,2/3,1/2,1/3,1/4,1/5,1/6,
the corresponding values of N = N(«) are given by
N(a) =10,10,9,9,7,6,5,4,4,

respectively.
In order to prove the next two results we need some preparations. For example,
if f € G(a), then we have (see eg. [?, Theorem 1])

UGN 1+ o)1 —2)

e g9(2) = i —— z € D.
We see that the function g above is univalent in D and maps ID onto the disk
a+1 a+1
T a+2] a+2

Further, it is a simple exercise to see that g maps the circle |z| = r onto the circle

’w— (a+D(a+1-=r*)|  (a+1ar
(v +1)%2 —1r? (a4 1)2 =72

and so, by a computation, we see that for f € G(«) we obtain that

/
2/(2) < sin™! <%) , zl=r< 1.
a -7

f(2)
2c
< sin™! f <1/2.
< sin (4a+3) or 2| <1/

arg

In particular this gives
2f'(2)
f(2)

Theorem 6. Let f € G. Then for n > 11, every section s,(z) of f is starlike in
the disk |z| < 1/2.

(30)

arg

Proof. Let f € G. Inequality (??) in particular for a = 1 gives

5] (3 i

As in the proof of Theorem 7?7, Case 1 of Lemma 77 gives that

(31)

arg

5n(2) 2

f(2)

1 1 1 T
—_—+ —+ —— | =: N, for|z| <1/2
2n <n<n+1> V3 3«30) 2 forfz <1/
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so that
sn(Z) o
(32 T, 8 Ty | < S ()
Inequality (??) together with (??) and (??) show that
25 (2) S| | =) i)
O ff(z)’+ 87 H 5 (2)

2
< sin"Y(K}) +sin! <?) + sin ™! (Ny),

for |z| < 1/2. Finally, we see that

’ 28),(2)

5n(2)

<7T
2

whenever

2
sin '(K;) +sin~? (?) +sin~H(V,) <

3 l\3|:1

However, the last inequality is easily seen to be true for all n > 11. Thus, s,(2) is
starlike for |z| < 1/2 for n > 11. O

In [?], Theorem ?? was shown to be true for n > 12. As with Theorem 77, a
general version of Theorem 7?7 may now be stated.

Theorem 7. Let f € G(a) for some o € (0,1). Then, the section s,(z) of f is
starlike in the disk |z| < 1/2 for n > N, where N is the smallest natural number
such that )

a

da+ 3

sin™'(K,) + sin~* < ) +sin"H(N,) <

NI

where K, is given by (??) and

N, = 2% (ﬁ + R(a))

with R(«) as in Lemma ?7?(2). Here the natural number N depends on the values
of a.

Proof. Following the proof of Theorem 7?7, let f € G(«). Then, Case 2 of Lemma
7?7 gives that

sn(2)
— 1| < N, for |z| <1/2
) 2l <1/
which together with (??7) and (?77?) easily imply that

! 2
ae zssnn(iz)) < sin () o sin” (4a i 3) +sin (),
for |z| < 1/2. The desired conclusion follows easily from the hypothesis. O

We end the paper with the following remark. For
a=5/6,4/5,3/4,2/3,1/2,1/3,1/4,1/5,1/6,
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the corresponding values of N = N(«) in Theorem ?? obtained via Mathematica
are given by

N(a) = 10,10,9,9,7,6,5, 4, 4,

respectively. We observe that these values are exactly the same as the corresponding
values obtained for Theorem 77.
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