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Chapter I. Convergence

. Convergence

I.1. Real Numbers

Recall that N := {1,2,3,...} is the set of natural numbers, 7 = {...,—2,—-1,0,1,2,...}
is the set of integers, and

Q= {Z|aez ben}, (L1)
is the set of rational numbers. These sets of numbers are nested,
NCZcCQ (1.2)
and they are each totally ordered. In case of () the latter means that,
Vp,qeQ: either p<qg or p>q or p=gq (1.3)
holds true. Moreover, @ is an ordered field which additionally to (I.3) requires that

p<gN(reQ) = p+r<qg+r and (p>0)A(¢g>0) = p-¢>0. (1.4)

We consider the sets N, 7, and ( with respect to the basic algebraic operations:

* Sums m + n and products m - n of any two natural numbers m,n € N are again natural
numbers, but differences and quotients are not, in general.

* Sums m + n, differences m — n, and products m - n of any two integers m,n € 7 are
again integers, but quotients are not, in general.

* For two rational numbers p, ¢ € @, their sum p + ¢, their difference p — ¢, their product
p - q are again rational numbers. If additionally g # 0, then their quotient p/q is defined
and is a rational number, too.

This means that within ) we can carry out all calculations that we need for everyday purpose
and that a (simple) handcalulator can perform.

Yet, QQ is lacking the important property of completeness which we now describe.
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Chapter I. Convergence

Definition I.1. Let [F be an ordered field and A C F a subset.

(i) If there exists b € IF such that b > a, for all a € A, then A is said to be bounded above
and b is called an upper bound (on A).

(ii) If there exists ¢ € IF such that ¢ < a, for all a € A, then A is said to be bounded below
and c is called a lower bound (on A).

(iii) If A is bounded above and also bounded below, then A is said to be bounded.

Definition I.2. Let [ be an ordered field and A C [F a subset.

(1) A number b € F is called supremum of A, if b is an upper bound on A and any number
b’ € T strictly smaller than b is not an upper bound on A.

(i) A number ¢ € F is called infimum of A, if c is a lower bound on A and any number
¢ € T strictly bigger than c is not a lower bound on A.

Remarks and Examples.

o If A C F possesses a supremum b € [ then this number is the unique least upper bound
on A and is denoted b =: sup{A}.

* If A C F possesses an infimum ¢ € F then this number is the unique greatest lower
bound on A and is denoted ¢ =: inf{A}.

Definition 1.3 (LUB Axiom). An ordered field [F' fulfills be LUB axiom or supremum axiom,
if any subset A C F, which is bounded above, possesses a supremum.

Remarks and Examples.

* The ordered field @ of rational numbers does not fulfill the LUB axiom. To see this
define

A= {peQ|p*<2}. (1.5)

Then A is bounded above by, e.g., 2 € @, but A does not have a supremum. For if
b € @ was a supremum of A then b would fulfill b> = 2. This equation, however, has
not rational solution.

* Fortunately, we can enlarge the ordered field Q and pass to the ordered field R O ®
which does fulfill the LUB axiom.

Theorem I.4. There is a unique ordered field R O () which fulfills the LUB axiom and which
is called the real numbers.
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Chapter I. Convergence

I.2. Convergent and Cauchy Sequences

* The real numbers R may be identified with the decimal numbers D. Decimal numbers
between zero and one, for instance, are defined as

DnN [O, ].) = {O, aijaqazQy . . .

a; €{0,1,...,9}, VEe N3j>k: ajgg}.
(1.6)

The condition Vk € N dj > k : a; < 8 rules out decimal numbers with period 9, like
0,17999... (which equals 0, 18).

* The set ( of rational numbers is countable, i.e., its elements can be written in a sequence
(pn>$LO:1’ so that Q = {p17p27p37 .. }
¢ The set R of real numbers is not countable, i.e., R is uncountable.

* Any real number can be approximated by rational numbers to arbitrary accuracy. For
example, consider the irrational number /2 = 1,4142136 ... € R\ Q. We define

po= 1,4 < V2 < Pt g
pr = L4l < V2 <py + k.,
ps = LAl4 < V2 <py + s
(17

)
n=1

 This way we obtain a sequence (p,,) € QY of rational numbers p,, such that p,, <

V2 < pn + 107" and thus

VneN: |p,—V2| < 10™. (1.8)
So, given any prescribed accuracy ¢ > 0, we can ensure that the approximand pj, for v/2
has accuracy ¢ or better, provided we choose k& € N so large that 107% < ¢.

* These concepts leads to the notion of convergence of a sequence which we describe
below.

* To this end we recall that, if M is a set, then a sequence in M isamap a : N — M.
The collection of all sequences in M is denoted MY := {IN — M}. It is customary to
write (@)%, for the map a : N — M and a,, for its values [instead of a(n)].

Specifically, sequences (a,)2; € RN in R are called real sequences.

Definition L5. Let (a,)2°; € RY areal sequence.
(i) (a,)2, € RN is convergent : <
da€eRVe>03dng e NVn>ng: J|a,—al < €. (1.9)

In this case, a is called the limit of (a,,)$2_,, and we write a =: lim,, .. {a, } ora, — a,
n — oo.

If (a,,)92 , is not convergent, it is called divergent.
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Chapter I. Convergence

(i) (a,)>; € RN is a Cauchy sequence : &

Ve>0dnge NVm>n>ng: |am—an < €. (1.10)

Remarks and Examples.
o If (a,)%, € RN is convergent then it is a Cauchy sequence, too. Indeed, given & > 0
we use (1.9) with 3¢ and obtain ng € N such that |a;, — a| < ie, for all k > ng. So, if
m > n > ng, we have that

€ 9

+ - = €.
(I.11)

|\ — a,| = ‘(am—a)—(an—a)} < lam —a| + |a, —a] <

\}
[\

Hence, (a,)%, € RN is a Cauchy sequence.

* A fundamental fact about the real numbers R is that the converse is true, as well: Any
real Cauchy sequence is convergent, too. We formulate this in a theorem.

Theorem L.6. The real numbers are complete, i.c., a real sequence (a,,)°>, € RY is conver-
gent if, and only if, it is a Cauchy sequence.

Proof. The proof of this theorem goes back to Cauchy and makes essential use of the fact that
the real numbers R fulfill the LUB axiom. [

Remarks and Examples.
* If0 < g < 1then (¢")32, is convergent and lim,, ,.{¢"} = 0.

 Conversely, if ¢ > 1 then (¢")%°, is divergent.

The sequence ((—1)”)20:1 is divergent.

The sequence (a, )% ; below is convergent, namely,

n®+4n —7 1+5 -5

n3 1
A, = 3n2+4n3+20: %+4+i—g —>Z—1,n—>oo. (I.12)
e If k € Nand g > 1 then
nk
— — 0, n— o0, (I1.13)
qn

i.e., any exponential function of n grows faster than any (fixed) power of n. To see this,
define ¢ := ¢'/¥ — 1 > 0 so that ¢ = (1 + ¢)*. Then

nk n k
(i)
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Chapter I. Convergence

Now, if n > 2 then

n -1 2 2
(1+e)" = (Z) el > (”) 2o Mol ”45 . (L15)
=0

2

by the binomial theorem, which implies that

- 4\* 4

3
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Chapter II. Norms and Scalar Products

II. Norms and Scalar Products

II.1. Normed Spaces and Banach Spaces

In this section we define norms on real vector spaces and real Banach spaces and collect some

of their basic properties.

Definition IL1. Let X be a real vector space. Amap || - || : X — Ry is called Norm (on X)
=
@)
VreX: {lzl =0 & =0} (IL1)
(i)
Vee X, N eK: IAz|| = |A]- [zl (I1.2)
(ii1)
Ve,ye X e +yll < lzfl+ llyll (IL3)
In this case (X, || - ||) is said to be a normed (vector) space. We denote by

Bx(z,r) = {y eX H]x -y < r}
the open ball about x € X of radius » > 0.

Remarks and Examples.

* Property (i) is frequently referred to as definiteness of the norm || - ||,

* Property (ii) is known as homogeneity of the norm || -

)

* Inequality (iii) is called the triangle inequality.

(IL.4)
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Chapter II. Norms and Scalar Products

e For d € N the set

g
d a2
R = . ay, ag, ..., ag € R (I1.5)
Qyq
is a real vector space with respect to componentwise operations:
aq B
vi=|:|,7=1:] eRL AeR: (IL.6)
Qq Ba
o B a1+ AB
TN = |+ A | = :
Qg Ba g+ Ay
e There are many norms one can define on [R?; here are the most important ones:
£'-norm:
aq
6%)
= |ag| + |as| + ... + |aql, (IL.7)

Qq 1

£°°-norm or maximum norm:
aq
Q2

= max{|oz1|, laal, ..., |ozd|}, (I1.8)
Qq
o0
£2-norm or euclidean norm:
051 aq
2 @2 2 2 2
Qq aa/ ||,

eucl

o If the vector space X is of finite dimension dim[X] € N then all norms on X are
equivalent. That is, if || - ||a, || - |l : X — R{ are two norms on X then there exist a

constant m > 0 such that
. . . | R
VieX: m-||Z|l. < [|7] < el 12| - (I.10)
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Chapter II. Norms and Scalar Products

* In particular, there are constants 0 < ¢4 < ¢, < ¢j < oo which depend only on d € N
such that

VIeR": cal@ll < [Tllewa < € [1Flo0 < 11T (IL11)
Lemma IL2. || - |1, ]| - loo, ||  [Jeuat : RY — R¢ all define norms on R

Proof. We give the proof only for the maximum norm || - || -

Definiteness:
: =0 <z>max{]aﬂ,...,|ad|}20 S |loygl=-=lag =0
(03] 0
S ap=-=0=0 & = (I1.12)
(6%} 0
Homogeneity:
(03] )\Oél
A = : = max {[Aal,...,[Aagl} = [N max {|a|,...,|aql}
(%] o )\O./d o
aq
=|A|- : ) (I1.13)
g4 o

Triangle Inequality: For ay, 51, ag, Ba, ..., aq, Bg € Rlet p, v,k € {1,2,...,d} be such that

la,| = max {|ail,....|aql}, (B8] = max{|B],....|B4l}, (11.14)
and o, + 8] = max{|oq + B, ..., |a+ Bal } - (I.15)
Then
Oé1+51 Qaq B
|Oz,{ + Bnl |an| + |B/~e| < |au| + |Bu| = + )
Oéd‘i‘ﬂd ad) || Ba -

(IL.16)

where we use the triangle inequality |« + 5| < |a| + |B] for real numbers «, 3 € R in the
second step. [

Definition IL.3. Let (X, || - ||) be a normed space.
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Chapter II. Norms and Scalar Products

(i) A sequence (7,,)°%, € XN is convergent : &

W eXVe>0Inge NVn>ng: |7, — 2| <e. 1.17)

(i) A sequence (7,)%; € XN is called Cauchy sequence :<

Ve>0dnge NVm>n>mng: |7, —Z,| <e. (I.18)

(iii) The normed space (X, || - ||) is said to be complete : <
(£,)22, € XNisconvergent << (#,)°2, € X~ is a Cauchy sequence. (I.19)
A complete normed space (X, || - ||) is called a Banach space.

Theorem IL4. If (X, || - ||) is a finite-dimensional normed space then (X, || - ||) is complete,
i.e., a Banach space.

Corollary IL5. If d € N then each (R%, | - [[1), (R || - [levar), and (R%, || - [|o) is a Banach
space.

II.2. Scalar Products (Inner Products)

In this section we define (real) scalar products and collect some basic facts about these.

Definition I1.6. Let X be a real vector space.
(i) Amap (-|-) : X x X — R is a bilinear form (on X)

sVa,f e RVZ,y,w, 7€ X : (I1.20)
(aZ + 77| pi + 2) = af(T|w) + a(Z]Z) + B(Y]2) + (7]2).

(ii) If a bilinear form (-|-) : X x X — R fulfills
e VE,ye X (DY) = YD), (I1.21)

then it is called symmetric.

(iii) A symmetric bilinear form (-|-) : X x X — R is called positiv definite

= VZe X\ {0}: (&@) > 0. (I1.22)

(iv) A positive definite symmetric bilinear form (-|-) : X x X — R is called scalar product
(on X) or inner product (on X).
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Chapter II. Norms and Scalar Products

Theorem IL.7 (Cauchy-Schwarz Inequality). Let X be a real vector space equipped with a
scalar product (-|-) : X x X — R. Then

Vi, ge X [(@h] < V@D VD). (11.23)

Corollary IL8. If X be a real vector space equipped with a scalar product (-|-) : X x X — R.
Then

10X = R, (I = (@) (I1.24)
defines a norm on X, the norm induced by (:|-).

Remarks and Examples.
e Ifd € N and X = R then

M=

VZ=(ar,..,00), =B, Ba) €RY: (T]G) g = Dy, (1125)

v=1

defines the Euclidean scalar product.

» Let X = R[z] be the space of real polynomials in the variable z, i.e., for vectors p(x) =
o+ 1w+ anx® + ..+ ayr? and q(x) = By + Bix + Box? + ...+ By, the vector
operations are defined by

(p+AQ)(x) = (ag+ MBo) + (a1 + AB)x + (g + ABo)a?® + ... + (ap + A\Bp)a™,

(11.26)
where L = max(M, N). A scalar product on R[z] is defined by
o e~ dx
= x) q(x I1.27
0l = | pla) ate) = .27)
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Chapter III. Real Functions of One Real Variable

lll. Real Functions of One Real
Variable

In this chapter we define and discuss real-valued functions f : I — R defined on / C R.
We always assume that / is an interval by which we mean that there are numbers a € R and
b € R with a < b such that either

I =(,b) or I = (-0c0,b) or I = (a,00) or [ =R. (IIL.1)
lll.1. Continuity

Definition IIL.1. Let / be an interval, f : [ — R, and 2y € I.
@) lim{f(z)} =y & (1I1.2)
T—T0

V()i € I\ {ao)™: (lim e} =a0) = (lim {f(z)} = ).

(i) fiscontinuousat xy :& lim {f(x)} = f(xo). (II1.3)

T—TQ
(iii) fiscontinuouson I & Vo€ l: fiscontinuous at . (II1.4)
Remarks and Examples. Most of the elementary functions are continuous on their max-

imal domain of definition. For example,

e Polynomials p : R — IR are continuous on R, where p(z) = o + ayx + o + ... +
ap T M .

* Rational functions p/q : D — R are continuous on [ for any interval I C D := {x €
R|¢(x) # 0}, where p and ¢ are polynomials.

* Trigonometric and exponential functions sin, cos, and exp are continuous on R, the
logarithm In is continuous on R+ = (0, c0).
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Chapter III. Real Functions of One Real Variable

e If f,g: I — Rarecontinuous at zy € [ and o € R, then f+ag : I — R is continuous
at xg.

eIfg: I — R iscontinuous at zyp € [ and f : J — R is defined on an interval
J D g(I) and is continuous at g(xg), then the composition f o g is defined on I by
(fog)x] = flg(x)] and f o g : I — R is continuous at z.

e The function 6 : R — R,

1, >0,
0(x) = { . i; 0 (ITL.5)

is not continuous at zp = 0, but for all zy € R\ {0}.

* Rule of Thumb: A function is continuous if its graph can be drawn without lifting the
pen off the paper.

lll.2. Differentiability

Definition IIL.2. Let / be an interval, f : [ — R, and 2o € I.

T—x0 T — X

(i) fis differentiableatz, = JycR: lim {M} — y. (IIL6)

In this case y =: f'(z0) is called the derivative of f at xq.

d
Another customary notation for f’(z) is féxo) :
x
(i) f is differentiableon I < Vo€ I: fisdifferentiable at z . (II1.7)
Remarks and Examples. Most of the elementary functions are differentiable on their

maximal domain of definition. For example,

¢ Polynomials p : R — R are differentiable on R, and for p(z) = ag + a1z + aez? +
...+ ayr™, we have that

p(r) = o1 + 2z + ...+ Moy, (I11.8)

* Rational functions p/q : D — R are differentiable on I for any interval I C D := {z €
R|q(z) # 0}, where p and ¢ are polynomials, and

P\, — P@a) = px)d ()
(Q)( ) = ¢*(x) ' (e

* Trigonometric and exponential functions sin, cos, and exp are differentiable on R, the
logarithm In is differentiable on R* = (0, 00), and

sin’(x) = cos(z), cos'(zr)=—sin(z), exp'(zr)=-exp(x), In'(z)= i
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Chapter III. Real Functions of One Real Variable

The next two theorems provide rules for the differentiation of functions which enable us to
calculate the derivative of a vast variety of functions.

Theorem IIL.3. Let / be an interval, f, g : I — R differentiable at xq € I, and o € R. Then
f+ag, f-g: 1 — R are differentiable at x, € I, and

Linearity: (f +ag)(zo) = f'(x0) + ag'(xo), (IM.11)
Leibniz Rule: (f - 9)(x0) = f'(xo) - g(xo) + f(x0) - ¢ (20) - (I11.12)

If furthermore g(xy) # O then f/g : I’ — R is defined and differentiable at z,, for some
interval zo € I’ C I, and

Quotient Rule:

i / ) = f'(xo) - g(wo) — f(wo) - g'(20)
(g) (z0) = 9% (x0) ' (-1

Theorem III.4 (Chain Rule). Let 7, J be two intervals, g : I — J differentiable at xy € I,

and f : J — R differentiable at g(xo) € J. Then f o g : I — R is differentiable at xy € |
and

Chain Rule: (f o g)/(:co) = f'lg(x0)] - ¢'(x0) . (II1.14)

Remarks and Examples.

(olfz5]) ==/ [

e R >
e[| ] () ()
sos [y ) () <ﬁ>

where we use the chain rule in the first equation and also to get from (II1.16) to (II1.17). The
quotient rule gets us from (I11.17) to (II1.18).

1/2
11.15
1) ] (IIL15)

11.17)
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Chapter III. Real Functions of One Real Variable

l1.3. Taylor’s Theorem (for one Real Variable)

Definition ITL5. Let n € Ny = {0,1,2,...} be a nonnegative integer, / be an interval, and
f:I—R.

f is n times continuously differentiable on I :&

f =: f© is differentiable on I, and its derivative
f" =: f1) is differentiable on I, and its derivative

" =: £ is differentiable on I, and (I11.19)

(=1 is differentiable on I, and its derivative f™ is continuous on /.

The next theorem yields a very important method to approximate functions locally by polyno-
mials.

Theorem II1.6 (Taylor). Letn € Ny = {0, 1,2, ...} be a nonnegative integer, / be an interval,
f I — Rbeann+ 1 times continuously differentiable function, and zy € I. Then, for any

x € I\ {xo}, there exists 2’ € I \ {xo} with 0 < |2’ — zo| < |x — x|, such that
f(@) = T aplz] + Ruyr,aolz], (I1.20)
with
n _ k
T wo[7] = % F® (o) (LL.21)
k=0 ’
e (n) T
= J(ao) + fiao) =) + T g gz T
and
(n+1) (.
Ryi1; zpl7] = fT,(x)(x — z)" . (111.22)

Remarks and Examples. Letn € N,z € R,and f : R — R, f(x) := explz] := €.
Then f is n + 1 times continuously differentiable on R and

fl@) = flx) = f'(x) = ... = [ (z) = ¢ (I11.23)
In particular, for xy := 0, we have that
f0) = f(0) = f"(0) = ... = f™(0) =1 (I11.24)
and hence
I‘Q SL’3 "
Tholt] = 14+a+— 4= +... +—, (111.25)
2 6 n!
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Chapter III. Real Functions of One Real Variable

for any x € R. Taylor’s Theorem IIL.6 implies that, given x > 0, there exists 2’ € (0, z) such
that
2 I3 "

T
e (1 D)
- (l+at T+ T+

xn+1 , xn+1
= ——¢" < ———¢° II1.26
‘ mrDlC Sy W20

since ()" = e” > 0 and thus x — e” is monotonically increasing.
Choosing = := 1 and n = 10, we obtain

1 $n+1 /

11 1
(11414 _):_w<_ 111.27
¢ ( LR R TiT ' n+nlc = 1® ({L.27)

which yields a concrete estimate for Euler’s number e of four decimals accuracy,

2.71827 < e < 2.71829. (IIL.28)

As another application of Taylor’s theorem we discuss minima and maxima of functions. First
we distinguish local from global minima and local from global maxima.

Definition IIL.7. Let A C R be a set (not necessarily an interval) and f : A — R a real
function on A. A point zp € Aisa

local minimum of f & 3J§>0Vax €A, [ —xo| <0: f(x) > f(xo); (I.29)

global minimum of f & VeeA: f(x) > f(xo); (I11.30)
local maximum of f & J6>0Vz e A, |[v—xo| <d: f(x) < f(xo); (OL31)
global maximum of f & VeeA: f(x) < f(zo). (IL.32)

A key application of derivatives and Taylor’s theorem is the detection and identification of
local minima and maxima. The first theorem below states that at local minima or maxima the
derivative of the function under investigation vanishes.

Theorem IIL.8. Let A C Rbeaset, f : A — R, and o € A such that there is an interval
I > x4 such that [ C A. Assume furthermore that f is differentiable at zy. Then

T is a local minimum or a local maximum of f = f'(z9) = 0. (II1.33)

Having found all candidates for local minima and maxima, the following theorem provides a
criterion to decide whether a point with vanishing derivative of f actually is a local minimum
or a local maximum or something else.

Theorem IIL9. Let / C R be an interval, n € N, a function f : [ — R which is n times
continuously differentiable, z, € I and

Fxo) = f'(xo) = (o) = -+ = " D(zo) =0, f"(xg) # 0. (I11.34)
Then
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Chapter III. Real Functions of One Real Variable

(i) If niseven and f (x4) > 0 then xg is a local minimum of f.
(i) If nis even and f(™ (x,) < 0 then g is a local maximum of f.

(iii) If n is odd then z is a point of inflexion of f.
Proof. [only (1)] If x € I then

Fle) = Flao) + f(x0) (@ — 20) + 180 (o _ iy 4

2
(n-1)
.+ S (@) n!(%)(x —z)" +

(n) (!
— flao) + n(,x ) (x —x0)" (I11.35)

for some 2’ € I with 0 < |2’ —x¢| < |z—x¢|, according to Taylor’s Theorem III.6, additionally
using Assumption (II1.34). Since we further assumed that f() is continuous at x,, we have
f(a") > 1™ (20) > 0, provided 2’ is sufficiently close to zo. Thatis, if § > 0is sufficiently
small we have for all z € (g — d, 20+ 0) \ {zo} that

[ @)

™z,
f(x) = f(xo) + . (x — x0)" > f(x0)+f (o)

2nl

(x —x0)" > f(xo), (IIL36)
since n is even and hence (x — )" > 0. O

Remarks and Examples.  Let f : R — R be given by f(z) := z*. Then
flwg) = 423 =0 & 29 =0, (I11.37)
and possible local extrema may only occur at xqg = 0. We further differentiate f’ and find
() = 1222, f"(z) = 24z, fO(z) = 24. (I11.38)
Inserting x = 0, we obtain
F(0) = £7(0) = f”(0) = 0, and f@(0) = 24 > 0, (I11.39)

and hence Theorem II1.9 (i) implies that 2y = 0 is a local minimum. Since there are no other
local extrema, xy = 0 is also a global minimum, and f possesses no local nor global maxima.
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Chapter I'V. Vector-Valued Functions of Several Variables

IV. Vector-Valued Functions of
Several Variables

In this chapter we discuss functions f : X — Y that map a real Banach space (X, | - |/x)
into another real Banach space (Y, || - ||y). First, we generalize the notions of continuity and
differentiablilty which we defined in Chapter Il for (X, || - [ x) = (Y. || ly) = (R,|- ). To
this end, we recall from Chapter II that

« areal Banach space (X, ||-||) is a real vector space X, on whichanorm ||- | : X — R¢
is defined, such that every Cauchy sequence in X converges and

* that a sequence (7,)%2, € XN is convergent with limit Z := lim, ... {%,} € X, if
| %, — Z|| = 0,as n — oo.

IV.1. Total Differentiability and Partial Differentiability

Definition IV.1. Let (X, | - ||x) and (Y, || - ||y') be two real Banach space, f : X — Y, and

Ty € X.
) lim {f(Z)} = ¢ & (IV.1)
V(@) € (X&) (Jim {7} =) = (Jim {f(@)} = 7).
(i) fiscontinuousat@, & lim {f(2)} = f(70). (IV.2)

f—)fo

(iii)  f is totally differentiable at ¥, <
There exists a continuous linear map A : X — Y so that

GRS EE S T N

17 = ollx

lim
(E—)a_c“o

Iv.3)

In this case A =: f'(Z) is called total derivative of f at Zy.
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Chapter IV. Vector-Valued Functions of Several Variables

Having defined the notion of total differentiabilty, we next define partial differentiability.

Definition IV.2. Let M, N € N be two natural numbers, f = (f1, fo,..., fv)TRM” — R a
function, and ¥ = (xy, 7, ..., 20)7 € Ry a vector.

(i) The function f is partially differentiable at ¥ :<

VmezZ¥ nezl: (IV.4)
O fn(Z) — lim falzy, . oosxm+hy oo xy) — falTr, o Ty, Tag) exists.
0T, h—0 h
(i1) The function f is continuously differentiable at & :<
f is partially differentiable at 7 and (Iv.s5)
0fn(Z)

VmeZM nezl: is continuous at 7.

0T,
(iii) The space of continuously differentiable functions from IR to IRM is defined as
C'(RM;RY) (IV.6)

= { f:RM - RY ‘ V# € R : fis continuously differentiable at f} .

If the Banach spaces in Definition IV.1 are chosen as (X, - [|x) = (RM,| - [leuat) and
(Yl - lly) = (B, || - lowet)» then the notions of total and partial differentiability become
comparable.

Theorem IV.3. Let M, N € N be two natural numbers, f = (f, fo,..., fxv)T : RM — RY
a function, and & = (1, o, ..., 2y)" € Ry a vector.

(i) If f is totally differentiable at 7, then f is partially differentiable at .

(i) If f is continuously differentiable at 7, then f is totally differentiable at 7, and the
derivative f’ is continuous at Z. In this case, the derivative of f is

Or1 Oz Oz )
ofs 9fz .. Of
Jpo=f = | om o Z (IV.7)
ofn Ofn ... Ofn
ox1 Oxo 8331%

the Jacobian J¢ of f.

IV.2. Continuous Differentiability

Theorem IV.3 states that, in general, total differentiability is stronger than partial differen-
tiablity. If we additionally require the continuity of the derivative with respect to &, then the
two notions coincide.
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Chapter IV. Vector-Valued Functions of Several Variables

We recursively define C'(RY; RY) by (IV.6) and, for k € N, the space of k-times continu-
ously differentiable functions from R™ to RY by

CHRMRY) = {f e C* I (RYRY) | (IV.8)
o f(7)

Oy -+ O,

c Cl(RM;RN)},

Vmy, ma,...,mg_1 € Ziw :
and by

C*(RM;RY) = [ C*(RM;R") (IV.9)
k=1

the space of smooth functions from RM to R .

Remarks and Examples.
* Most of the elementary functions are smooth on R,

e If N = 1then f € C'(RM;R) is real-valued, and in this case the (transpose of the)
Jacobian of f is often called its gradient and is usually denoted by
af
oz
of
Vf=Jj = |%|. (IV.10)
of

Ox1

e Let f : R® — IR be given by

f(z,y,2) := sin (xQ + y2) e — cos (231 1) , (IV.11)

where we denote the three real variables as z := 1, ¥y := x9, and z := x3. Using the
rules (IIT.11)-(II1.14), we compute the partial derivatives of f as

of(z,y, 2) 9 o\ 2 1 , x

T:%ycos(x +y)e +Z3+1sm 1) (Iv.12)

M — 2y coSs (xQ + y2) 622 , (IV.13)
dy

of (x,y, z) R 20z x

o = 2sin (@ +y7) e - ErE i m) (IV.14)

Each of these partial derivatives are continuous functions on R3, therefore f € C'(R3; R).

03-Jun-2026, Seite 21



Chapter IV. Vector-Valued Functions of Several Variables

[In fact, f € C*(IR3;R) is smooth.] We obtain the gradient of f as

2z cos (22 + y2) e + —- sin (Z%H)

[V fl(z,y,2) = 2y cos (22 +y2) e . IV.15)

22 sin (a 47) o~ i s

* The continuity of the partial derivatives not only ensure that continuous partial differen-
tiability and continuous total differentiablity are equivalent, but it also guarantees that
the order of taking the partial derivatives does not matter. More precisely, if £ € N, with
k > 2,and f € C*(RM;RY), then the order of the partial derivatives is immaterial.
That is, if j1, jo, . .., jr € ZM and n € ZY then

ale |:axj2 ( B <8_5L'k> o >:| B ax]}r(l) |:a$]'ﬁ(2> ( (8xjﬂ(k)> ):| ’ (IV16)

for any permutation 7 : Z}f — 7. This justifies the notation

o f o | 0 of
= PR —_— PR . I .17
Oxj, 0z, - - - Oxy, Oxj, {833]-2 ( ((%k) )] V17

* As an example, we compute the second partial derivatives of f € C*(R?;R) defined
in (IV.11) with respect to x and y. Starting from (IV.12) and (IV.13), we obtain

d [0f(x,y,2)] O 5 o\ 2 1 , x
83/{ o =3 2z cos (z* +y*) & + pean il e

» Ofcos(z? + y?)]

5 = —dzye” sin(z?+¢?), (IV.18)

=2z e”

and

0 [0f(x,y,=2) 9, 5 o\ 2
N I S = — 192 z
8:0{ dy o ycos(x +y)e

2,2
=2y e 8[Cos(gx+ ) = —dxy e’ sin(z? +4%),  (IV.19)

which agree, indeed.

IV.3. Taylor’s Theorem for several Real Variables

The next, final theorem is the analogue of Taylor’s theorem (Theorem III.6) for functions
of M > 2 variables. Just as its one-dimensional counterpart it yields an important local
approximation method for functions by polynomials.

03-Jun-2026, Seite 22



Chapter IV. Vector-Valued Functions of Several Variables

Theorem IV.4 (Taylor). Let M € N, k € Ny, and f € C*1(RM;R). Then, for any
2o,z = (21,22, ..., 20)7 € RM, we have that

k M .
flx) = Z 1 ( 0" (o) ) Zmy Zmy t Zm (IV.20)

Oy OTpy + -+ Oy,

1 k k+1
E (1—s) 0" f(xg + s2)
d . .
+ = <\A k' 8xm1 U ammm 8:Emn+1 o Zml Zm)i ZTTZKrFl

Remarks and Examples. ~ We study the example f € C*°(R?; R) given by

flx,y) == exp [%(:L’Q + yQ)} . (Iv.21)
Before taking derivatives, we observe that f > 1 and
{f(z,y) =1} & {2*+y*=0}. (Iv.22)
Next, we compute all first and second partial derivatives,

Of (z,y) Of (x,y)

G. = T exp [1(2® +¢7)], oy~ Uew [1(2% + )], (IV.23)
and
% = (2® +1) exp [5(a® + 7)), (IV.24)
PLED (1) exp [3067 +47)]. (1v25)
8282(:% v _ aiéf;z’my) — zy exp [L(e* + )] . (IV.26)

For (29, yo) = (0,0) and z = (21, 22), Theorem IV.4 with k£ = 1 yields

T 0 T

+Z§(/01(1_5)a2f(8;—;;822))d8)+22122(/01<1_5)(92f(§;—1a,;22))d8)

~1 —l—zf(/ol(l—s)st) +z§</01(1—s)02f(35—?;3@)>d3>

! 0?f(s21,52))
+ 221 29 (/0 (1—2s) ~owoy d3> : (Iv.27)
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Chapter IV. Vector-Valued Functions of Several Variables

Now we assume that 27 + 25 < r? < ; and estimate

1 2 1 1
/ (1 — S) M ds — / (1 — S) (2% _|_ 1) 652(254’2%)/2 ds Z / (1 — 8) dS — % s
0 0 0

ox?
(IV.28)
from below and
1 2 1
/ (1-s) M ds — / (1—s) (22 + 1) e G+8)/12 g
0 Ox 0
2 ! 1 2
<(r*+1)e" /2 / (1—s)ds = §(T2—|—1)€T /2
0
1 1, » 2 ., 1
<5 +5(@ /2—1)+%e?“ < St er, (IV.29)
from above. A similar estimate for the partial derivative w.r.t. ¥ holds true,
1 ! 0? 1
Eg/(l—s)Wd(SSi#—\/grz. (IV.30)
0
On the other hand,
1 2 1
0
/0 (1—3) —f(;;la’;@)) ds| = |z1]|z| / s2 (1 —s) s (A T3)/2 g g
2 ! 1 2 7“2
<rle/? S’ (1—s)ds = —r’e" /2 < —. (IV.31)
0 12 6

It follows that, for 2§ + 23 < r? < 1, we have

1+ %(ZerZ%) [1—37] < flz,) <1+ %(zf—l—zg) 1+ —ver?]. avaw
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