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1 Exercise

(a) Prove the following statement: The absolute value | - | : R — R defines a
norm on the real vector space IR.

(b) Let0 < ¢ < 1 < 5. Are the following sequences (a,)2 ), (b,)32 ¢, (€0)5%
with a,, := ¢", b, := /B, and ¢, := n convergent? If so, what is their
limit and how do we prove the convergence?

(c) Are the sequences (d,,)°, and (e,)22, with

m _ 10 5 2 3n 1—5 5
d, = no_+on e, = o+ n—on” (1.1)
3n+nd+4 An 4 7

convergent and if so, what is their limit?

Solution of Exercise 1(a)

Recall the definition of the absolute value

- 1.2
—z, x<0. 1-2)

|- ]: R — Ry mr—>]$\:—{
We verify the three norm axioms.

Positivity and definiteness: For all z € R, we have |x| > 0. Moreover,
|z| = 0 if and only if z = 0.

Homogeneity: Let z € R and A € R. Then
el = [Allal. (1.3)

Triangle inequality: Let x,y € IR. We distinguish the cases zy > 0 and
zy < 0.

If zy > 0, then x and y have the same sign, hence

|z +y| = |z + |yl (1.4)

If xy < 0, then x and y have opposite signs. Without loss of generality,
assume |z| > |y|. Then

[z +yl = lle] =yl < || < [z[+ ]yl (1.5)



In both cases xy > 0 and zy < 0, the triangle inequality
[z +yl < lzf+ ]yl (1.6)

holds true.

Since all three norm axioms are satisfied, the absolute value defines a norm on R.

Solution of Exercise 1(b)

First we investigate (a,)$2_, for fixed ¢ € (0,1). Since 0 < ¢ < 1, we have

1

a1 = ¢ =q-¢" < ¢" = a,, foralln € N. (1.7)

Hence the sequence (a,,)>°, is monotonically decreasing. Moreover, ¢ > 0 for
all n, so the sequence (a,,)>, is bounded below by 0. It follows that (a,,)>2, is
convergent. Let

a = lima, > 0. (1.8)

n—o0
Taking limits in the identity a, 1 = ¢"*' = ¢¢" = a,,, we obtain
a = nli_{go{anﬂ} = q nh_)rrolo{an} = qa. (1.9)
Hence, (1 — ¢)a = 0, and since 1 — ¢ # 0 this implies

a = 0. (1.10)

Now consider (b,,)2>_, with b, = {/f. First, we observe that

by =3/3>1 foralln e N. (1.11)

Next, we observe that the sequence (b,,) is strictly decreasing, since

1

bn 55 11 1
b — T f— /Bn n+l — /671(n+1) = bn(n+1) > 1 (1,12)
n4-1 ﬁnﬂ

As (b,,) is decreasing and bounded below by 1, it converges to the limit

b := inf b, > 1. (1.13)
neN



To show that b = 1, we take limits in (1.12) and obtain

=1 b =1 — % = —
b= Jm {bonen} = lim {b } TR

n—oo n+1

Finally we analyze (c,)$2_, with ¢, = {/n. As for b,,, we have that
¢, = Vn > 1, foralln € N.

Let € > 0. According to the lecture,

n
lim { ———— % = 0
nlféo{amn} ’

and therefore there exists ng € IN such that

n
VYn>ng: <1,
and, hence, also
n
Vn>ng: n <1
So, for all n > ng, we have that
1-e <1 <L Cn:(1+5)n(1 g)nél—irs.

In summary,
Ve>03dnge NVn>ng: |c,—1] < ¢,

which means that ¢,, — 1, as n — oo.

Solution of Exercise 1(c)

= 1.

(1.14)

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)

(1.20)

For the analyis of d — n, we first factor out the leading term of the numerator and

the denominator, respectively,

. 27 — pt0 4 5p? _ <2>"1—n102_"+5n22_”

3"+ nd 44 3) 14+n33 443 ")

(1.21)



According to the lecture and Exercise 1(b),

n—o0 n—oo n—oo

= lim {37"} = 0.

n—0o0

n—oo

Hence

2 n 1— 1027n 22771
lim {d,} — lim {(5) } lim { n2 " on

n—o00 n—o00 n—o00 1 —+ ’[’L53_n + 4(3—n)
1040
14040

lim {(g)n} = lim {n'°27"} = lim {n*27"} = lim {n°37"}

(1.22)

|

(1.23)

Similarly, to investigate e,,, we first factor out the leading term of the numerator

and the denominator, respectively,

3" +n! —5n° n! 1+ (3"/n!) — (5n°/n!)

€n:—:

4n 4+ n7 4n 1+n74—m
Note that, for even n = 2k € N,
nl =2kQ2k —1)(2k —2)--- (k+ Dk(k—1)---3-2-1

|3

> k(2% — )2k —2) - (k+1) > k* > (g) ,

and foroddn =2k —1 € N,
nl =2k-—1)2k—-2)---(k+1k(k—1)---3-2-1

n+1

>02k—-1)2k—2)-- (k+ 1k > kK > (n+1) 3 |

2
It follows that

3
VneN: n! > <E) )
With this estimate we obtain, for n > 256, that

n
) > 2" = 00, n— 0.

and analogously

n 5 7
lim {3—} — lim {”—} — lim {”—} -0,
n—oo | n! n—oo | n! n—oo | 47

and finally

(1.24)

(1.25)

(1.26)

(1.27)

(1.28)

(1.29)

(1.30)



2 Exercise

Let N € N.

(a) Prove that the maps

N
”"|1:RN_>RSF7 Tr = ($1,...,$N>'_)Z|xi‘,

i=1 2.1)
H'“OO:RN_>R31 r = (xl’-"va)'_)fgn%}J(Vuﬂ

define norms on the vector space R”.

(b) Prove the following: The norms || -||; and || - ||oo on R” are equivalent. That
is, there exist constants 0 < ¢ < C' < oo such that, for all z € RY,

cllzllee < lzlh < Cfl2fl. (2.2)
(c) Are the sequences
N ey
a, = |25, b= [ Vnl! (2.3)
n n+2
\/3 3n—:-5

convergent in R3?

Solution of Exercise 2(a)
The ¢*-Norm We verify the norm axioms.

Positivity and definiteness: For all z € R”, we have |z;| > 0, for each i,

hence
N
el = > el > 0. (2.4)
i=1
Moreover, ||z||; = 0 implies |x;| = 0 for all 7, and thus z = 0. Conversely,
0]}y = 0.

Homogeneity: Let z € R and A € R. Then

N

N
Pelly = D Daal = N Jail = ]|zl (2.5)
i=1

=1

5



Triangle inequality. Let z,y € RY. Using the triangle inequality in R, we
obtain

N N
Izl = Y Jwitul < Y {laal +lul} = llzl+ vl 26)
=1

=1

Thus, || - ||; is a norm on RY.

The (>°-Norm Again, we verify the norm axioms.

Positivity and definiteness: For all z € RY, we have |z;] > 0 for each i,
hence

= i1 > 0. .
Izl = ma | > 0 @)

Moreover, |||l = 0 implies |z;| = 0 for all ¢, and therefore + = 0.
Conversely, ||0]| = 0.

Homogeneity: Let # € RY and A € R. Then

INt]|o = max |Az;| = |A| max |z;| = [Nz co- (2.8)
1<i<N 1<i<N

Triangle inequality. Let 2,y € R"™. For each i = 1,..., N, the triangle
inequality in R yields

|z +yil < | + |yl (2.9)

Taking the maximum over all indices, we obtain

— . | < . 1N < )
o+ ylloo = max |z; +yi < max (fzi] +[yil) < [l + llyll
(2.10)
Thus, || - ||oo is @a norm on RY.
Solution of Exercise 2(b)
Letz = (z1,...,2y) € RV,
Recall the definitions
N
el = Ykl o = max @)

=1



Upper bound: Foreachi = 1,..., N, we have |z;| < ||z||-. Hence,

N N
e = >l < ) 2l = N (2.12)
=1 =1

Lower bound: Let j € {1,..., N} such that || = ||z||. Then,

N
Izl = > lwil >l = 2]l (2.13)
i=1
Combining both inequalities, we obtain

[2lloe < flzlls < N[l (2.14)

which proves the equivalence of the two norms.

Solution of Exercise 2(c)

It is possible to prove that not only || - ||; and || - || are equivalent on R but
that all norms on a finite dimensional vector space are equivalent. The same is,
however, false for infinite dimensional vector spaces.

For N = 3 the equivalence of all norms on IR* means that the convergence of
sequences (a,,)°; and (b,)>2; of vectors a,,b, € R* does not depend on the
norm we are using. Using the || - ||o-norm, we see that the convergence a,, — a =

(a17 az, a3)
Ve>03dng e NVn>ng: |a,—alle = max lan; —a;] < e (2.15)
1= <y
_n®_
n2+1°
and a,, 3 = /5 of the sequence. By using methods from Exercise 1, we see that
an1 — 0,an2 — 1,and a, 3 — 1, as n — oo. Hence

is equivalent to the convergence of each component a,,; = 27", a,2 =

0
a, - a = |1], n— oo (2.16)

Regarding b, we notice that e ~ 2.7 > 2 and hence (2)” — 0, as n — oo. Since
n! > (%)"/2, however, we have

Ul > n/(%)n/Q — \/g — 00, (2.17)

so the second component of b,, diverges. Consequently, the vector b,, diverges.

7



3 Exercise

Prove the following assertions:

(a) The map (-,-) : RY x RY — R defined by

N
(x,y) = inyi, x = (r1,...,zn), ¥y = (y1,---,yn), (3.1)
i=1

is an inner (scalar) product on R*.

(b) Let (V,(-,-)) be a real inner product space. Thenthemap || - || : V — R
defined by

x| == {z, x) (3.2)

isanormon V.

Solution of Exercise 3(a)

We verify the axioms of a scalar (inner) product.

Bilinearity: Let z, y,w, z € RY and a, 8 € R. Then

N
(@4 ay,w+Bz) =Y (x; + ay)(w; + Bz) (3.3)

i=1

N N N N

= Z%’wi +5Z$izi+azyiwi+aﬂzyizi
i=1 i=1 i=1 i=1

= (z,w) + B{z, 2) + aly, w) + af(y, 2).

Symmetry: For all z,y € RY, we have

N N
(@) =Yz = Yy = (7). (3.4)
=1 i=1

Positive definiteness: For all z € RY, we have

N
(x,z) = Zx? > 0, (3.5)
i=1

with equality if, and only if, 22 = 23 = - .- = 2%, = 0 which is equivalent

tox = 0.



Since symmetry, linearity in the first argument, and positive definiteness are satis-
fied, the Euclidean scalar product defines an inner product on R*.

Solution of Exercise 3(b)

We verify the norm axioms.

Positivity and definiteness: By positive definiteness of the inner product,

(x,z) > 0, forallz € V. (3.6)
Hence ||z|| > 0. Moreover,
|z =0 & (r,2) =0 < x = 0. (3.7)
Homogeneity: Let z € R and A € R. Then
IAz| = |\ |z|. (3.8)

Triangle inequality: Let x, y € V. Using bilinearity and symmetry, we com-
pute

lz+yll* = (z+y, z+y) = [l2]* + 2, y) + [yl (3.9)

By the Cauchy—Schwarz inequality, we have

[z, < =l vl (3.10)
and hence
e+l < (2l + llyl))” (3.11)
Taking square roots gives
lz+yll < [lzll +llyll (3.12)

Thus, all norm axioms are satisfied, and || - || is a norm on V.



4 Exercise

(a) Prove that f : R — R, x ~ 22 is continuous on R.
(b) Prove that

1, >0
g R >R, zm 7 =0 4.1)
0, =<0,

is not continuous at xo = 0.

(c) Which of the following functions hy, ho, h3, hy : R — R are continuous on

R?
h(z) =z, he(z) = {l?’ z 70, 4.2)
0, x=0,
hy@) = 45 TFO gy o IR TEL
0, z=0, N T -4, z=-2 '
Solution of Exercise 4(a)
For this, we need to prove
lim f(z) = f(xo), 4.4)

T—T0

ie., lim, ,,, ? = 23, for all ; € R. Let 7y € R be arbitrary and let (z,,)5°, €
(R\{zo})™N be an arbitrary sequence for which lim,, ., ¥, = 7. From the lecture

we know that, if a,, — a and b,, — b, then also a,, - b,, — a - b. Hence
2

Ji (2] = Ji (o2} = (fm (o) () = 20020 = 53
4.5)

. . . . 2 2 . .
Since z,, was arbitrary, this proves lim, ,,,{z°} = zg, i.e., lim, . {f(2)} =
f(zo). Hence, f is continuous at zy. As xo was arbitrary, f is continuous on R.

Solution of Exercise 4(b)

If z, = —1/n, then z,, — 0, as n — oo, but
lim {g(z,)} = lim {0} = 0 # 1 = ¢(0). (4.6)

Hence, g is not continuous at o = 0.

10



Solution of Exercise 4(c)

h1 and h4 are continuous on R. hy and hs are both not continuous at zg = 0 and,
therefore, also not continuous on RR.

11



5 Exercise

(a) Prove that f : R — R, z ~ 2 is differentiable on R.
(b) Prove that h;(z) = |z is not differentiable at x = 0.

(c) Let F: R — R, z + x - exp[—2?]. Determine all local and global maxima
and minima of F' and sketch the graph of F'.

Solution of Exercise 5(a)

Let 7y € R be arbitrary and (z,,)3%, € (R\ {0})™ be a convergent sequence with
lim,,_,oc Z,, = xo. Then, we have

. 2 _ 2 . —
n— o0 Tpn — X n—o0 Ty — X n—o0 Tp — X
= lim (x, + x9) = 229 = [f'(x0). (5.1
n—00

Therefore, f is differentiable at x, and since z(, € R is arbitrary, f is differen-
tiable on R.

Solution of Exercise 5(b)

Let z,, = (—1)"/n, then x,, # 0, for all n, but ,, — 0, as n — co. Observe that
h1(0) = 0. Hence, the difference quotient for this sequence equals

hi(za) —ha(0) _ [(=1)"n""|
Ty, — 0 (=1)»n-t

= (-1, (5.2)

which is divergent. It follows that h, is not differentiable at 0.

Solution of Exercise 5(c)

To begin with, notice that F'(x) > 0 forxz > 0, F(z) < Oforz < 0and F(z) =0
for z = 0. Secondly, for xt — 400 we have F'(z) — 0 due to the exponential
decrease of exp[—ac2]. Now, we determine the local extrema. For this, we need
the derivative of F'(z) = x - exp[—x?]. We already now the derivatives of z, x?
and exp|x], but how do we compute the derivative of F'=? We can write F as a

12



product F'(z) = u(x) - v(x) with u(z) = z and v(z) = exp[—z?]. We already
now that «’(x) = 1. From Leibniz’ rule it follows that

Fl(z) = (u(z)-v(x) = @ (z) v(z) +u(@) ' (z)

=1-exp[—2?]+ - (exp[—:cQ]),. (5.3)
exp|—x?] can be written as v, [vo(x)] with vy [x] = exp[z] and vo(z) = —2?. Here,
we know that vj[z] = exp[z] = v;[z] and vi(z) = —2z. The chain rule now
implies that

(exp[—x2])/ = V[vy(2)] - vh(z) = explvg(z)] - (—22) = —2z exp[—2?].
(5.4)
Putting these results together, we arrive at
F'(z) = (1 -227)-exp[—2?]. (5.5)

Note that F’ is differentiable on R and vanishes, as + — d+o0o. Moreover, F' is
strictly positive on R™ = (0,00) and strictly negative on R~ = (—o00,0). It
follows that all local minima occur at points in R~, all local maxima occur at
points in R, and at these extremal points the derivative F” of F' vanishes,

Flz) =0 & (1-20%exp[-2°] =0 & 1-22° =0 & z =+

ulgl|,_.
o\ DO

(5.6)

Without computing the second derivative we may already conclude at this point
that the local and in fact global minimum of /' occurs at x_ = _\/Li and the local

and in fact global maximum of F occurs at v, = \/%

We nevertheless compute the second derivative of F, obtain F”(z) = (42% —
6z) exp|—?] = x(42* — 6) exp[—x?], in general, and observe that

2
F'(zs) = F'(£2) = ;2\/; (5.7)

So, indeed, (& 1/v/2, £ exp[—1/2]/v/2) denotes the only local and global max-
imum/minimum.

13



6 Exercise

(@ Let M,N € N, A€ R™¥ and f: RV — RM, 2+ A-z. Prove that f
is totally differentiable on RY and compute its derivative (D f)(x) for all
Xo € RY.

(b) Compute also the Jacobian J;(z) for all o € RY.

(c) Compute the second order Taylor polynomial

Py(x
Thlg, xo; 0 + 2] = Zp' Z [ax 9l gm].zjl.....sz (6.1)
g Ol

.....

of the function g : R* — R, (z1,72) — (27 + 23) - exp[—2? — 23] at
— (0,0).

Solution of Exercise 6(a)

Let o € RY be given. We wish to find a linear function f’(zy) : RY — RM
such that

lim | f(zo + 2) = {f(z0) + f'(x0) - 2}|

z—0 |z|

= 0. (6.2)

For this, we observe that the difference
flzo+2)— fzo) = A-(xg+ 2) — Azg = Azg+ Az — Azg = Az. (6.3)
Therefore, choosing f’(zy) = A we obtain
flxo+2) = {f(xo) + f(xo) - 2} = 0, (6.4)

which implies the total differentiability of f. We notice that f'(xq) = A is in-
dependent of xy. (In case that M = N = 1 we already knew before that for
f(z) = ax we have that f'(x) = a is a constant.)

14



Solution of Exercise 6(b)

We now study the function f componentwise. We have

a1; Q12 1N x
Q21 Q22 -+ A2N T2

flx) = : : : o (6.5)
ay  Gpe v AMN TN

N
a11x1 + a2 + ...+ aINTN =174

N
a1 71 + AgaTy + . .. + AaN TN D i1 A2 T
Ay, + apyoexs + ...+ apyNTN N
D i1 QM T

Hence, if i € ZM and j € 7Y, the partial derivative of the i component f; of f
W.I.t. 7; is given by

N N

ofi(z) 0 [ Oz
= i = kT = kO = Q. 6.6
b = g D] =Ygt = Sase =0 @9

This gives

BQ(I) . aafl(x) apy - an
1 TN
Jy(zo) = : s = | S I W (M)
Ofm(x) Ofm (x) ap1 r GMN
ox1 ox N

in accordance with Exercise 6(a).

15



Solution of Exercise 6(c)

Obviously, g is a smooth function. We compute its first and second partial deriva-
tives.

W = exp[—a7 — 23] - 2z - (1 — 23 — 23), (6.8)
T
M = exp[—23 — 3] - 229 - (1 — 2] — 13), (6.9)
€2
2
%;%’@) = 2exp[—at — 23)(1 — 2% — 23 — 222 — 22% + 227 + 22723)
= 2exp[—a? — 23)(1 — 522 — 22 + 227 + 22323), (6.10)
0’g(x1,m2) _ Pglar, as)
P, 18x22 = e, lﬁxf = —4x 1y exp[—2? — 23] (2 — 27 —23), (6.11)
2
W = 2exp[—a? — 23] (1 — 2% — 5a3 + 225 + 222x2), (6.12)
L3
and hence
9(0,0) =0 (6.13)
%(0,0) _ (6.14)
(9:181
M =0 (6.15)
8!E2
9%g(0,0)
- =2 6.16
02 (6.16)
2 2
0%¢(0,0) :(99(0 0) _ 0 6.17)
85(?1 8562 8.1’2 81’1
9%9(0,0)
— =2. 6.18
022 (6.18)
Therefore, we have
Tolg,(0,0); 2] = 27 + 23 (6.19)
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