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Exercise 8.1 (12)
Let j be an infinite-dimensional separable complex Hilbert space and let b := { @i} >, € b be an ONB.

(i) Show that " (h) is also an infinite-dimensional separable complex Hilbert space, for every n € IN,

and that
%(n) = {(Pk(l)®®¢k(n) ‘ k(l),,k(n) € N} (1)
is an ONB in ) ().
(ii) Show that§(h) isalso an infinite-dimensional separable complex Hilbert space, and that, with B0) .=
{Q},
B = Js" 2)
n=0

is an ONB in F(bh).

Exercise 8.2 (6)
Let b be a Hilbert space, let ¢ € b, and let

(A"(¢), Dyxe), (Al), Dyxr) € L[3(h)]

be the corresponding creation and annihilation operators.

(i) Show that (A'(¢), D \/ﬁ) and (A(¢), D \/ﬁ) are densely defined and relatively bounded with respect

to \/ﬁ, and that
(AT(9)[¥]|®) = (¥|A(9)[@])

holds forall ¥, d € D IV

(ii) Show that (A((;)),DW) is closable and (A*((;)),DW) is closed, and that (A‘L((p),D\/ﬁ) is the
adjoint operator of (A(¢), D /57)-

(iii) Show that (AT (¢) + A(ga),D\/N) € £[F(h)] is essentially self-adjoint.
Hint: This can be reduced to criterion (ii) in Theorem 1.8, Stone’s theorem for essentially self-adjoint
operators. To this end, for ¢ > 0 define K, := (1 + ev/N) /2 and A, := AK,, Al := K. A%, as
well as F, := Af + A.. Then Af, A., F. € £(h) are bounded and F. = F! is self-adjoint for all
€ > 0. In particular, Ran(F; + Ai) = F(h), and F; + iA is boundedly invertible with

(e £ iA) gy <A™

for all A > 0. Now show that
(Fp £iA)(F.+id) 1o — @

in the limit € — 0, for every @ € Dy.



Exercise 8.3 (6 )
Let h be an infinite-dimensional Hilbert space and let b := {q)k},‘:":l C b be an ONB.

(i) Show that the fermionic creation and annihilation operators {c*(¢), c(¢) } ey satisfy the canonical
anticommutation relations, or CAR,

Vopeb: {c'(g)c' ()} = {c@)c(@)} =0, {c®)c'(9)} = Wlo) Igm). O

(ii) Let ¢ € h. Show that [c(¢)]* = c'(¢) and that c(¢),c"(¢) € B[F¢(h)] are bounded, and compute
the corresponding operator norms.

(iii) Using (i), (ii), and c(¢)Q) = 0, show that

By = {"(pr)) - (@) | m €N, k(1),..., k(n) € N, k(1) <k(2) <--- <k(n)}
4

is an ONB in F¢(h).



