
Mathematics of Interacting Quantum
Systems

Summer Semester 25/26
Prof. Dr. Volker Bach

Dr. Gerardo Franco

8. Exercise Sheet 8
Upload: 17.06.2026

Deadline: 24.06.2026, 13:15 Uhr

Exercise 8.1 ( 12 )
Let h be an infinite-dimensional separable complex Hilbert space and let b := {φk}∞

k=1 ⊆ h be an ONB.

(i) Show that F(n)(h) is also an infinite-dimensional separable complex Hilbert space, for every n ∈ N,
and that

B(n) :=
{

φk(1) ⊗ · · · ⊗ φk(n)
∣∣ k(1), . . . , k(n) ∈ N

}
(1)

is an ONB in F(n)(h).

(ii) Show thatF(h) is also an infinite-dimensional separable complex Hilbert space, and that, withB(0) :=
{Ω},

B :=
∞⋃

n=0

B(n) (2)

is an ONB in F(h).

Exercise 8.2 ( 6 )
Let h be a Hilbert space, let φ ∈ h, and let(

A†(φ),D√
N
)
,
(

A(φ),D√
N
)
∈ L[F(h)]

be the corresponding creation and annihilation operators.

(i) Show that
(

A†(φ),D√
N
)

and
(

A(φ),D√
N
)

are densely defined and relatively bounded with respect
to
√
N , and that

⟨A†(φ)[Ψ]|Φ⟩ = ⟨Ψ|A(φ)[Φ]⟩

holds for all Ψ, Φ ∈ D√
N .

(ii) Show that
(

A(φ),D√
N
)

is closable and
(

A†(φ),D√
N
)

is closed, and that
(

A†(φ),D√
N
)

is the
adjoint operator of

(
A(φ),D√

N
)
.

(iii) Show that
(

A†(φ) + A(φ),D√
N
)
∈ L[F(h)] is essentially self-adjoint.

Hint: This can be reduced to criterion (ii) in Theorem I.8, Stone’s theorem for essentially self-adjoint
operators. To this end, for ε ≥ 0 define Kε := (1 + ε

√
N )−1/2 and Aε := AKε, A†

ε := Kε A†, as
well as Fε := A†

ε + Aε. Then A†
ε , Aε, Fε ∈ L(h) are bounded and Fε = F∗

ε is self-adjoint for all
ε > 0. In particular, Ran(Fε ± λi) = F(h), and Fε ± iλ is boundedly invertible with

∥(Fε ± iλ)−1∥B[F(h)] ≤ λ−1

for all λ > 0. Now show that
(F0 ± iλ)(Fε ± iλ)−1Φ → Φ

in the limit ϵ → 0, for every Φ ∈ DN .
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Exercise 8.3 ( 6 )
Let h be an infinite-dimensional Hilbert space and let b := {φk}∞

k=1 ⊆ h be an ONB.

(i) Show that the fermionic creation and annihilation operators {c†(φ), c(φ)}φ∈h satisfy the canonical
anticommutation relations, or CAR,

∀ φ, ψ ∈ h : {c†(φ), c†(ψ)} = {c(ψ), c(φ)} = 0 , {c(ψ), c†(φ)} = ⟨ψ|φ⟩ · 1F f (h). (3)

(ii) Let φ ∈ h. Show that [c(φ)]∗ = c†(φ) and that c(φ), c†(φ) ∈ B[F f (h)] are bounded, and compute
the corresponding operator norms.

(iii) Using (i), (ii), and c(φ)Ω = 0, show that

B f :=
{

c∗(φk(1)) · · · c∗(φk(n))Ω
∣∣ n ∈ N , k(1), . . . , k(n) ∈ N , k(1) < k(2) < · · · < k(n)

}
(4)

is an ONB in F f (h).


