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Exercise 6.1 (6)
Let A,W € M3,3(C) and define Ay := A + gW with ¢ € R as in Eqs. (V.47)—(V.49) of the lecture notes,
and let z € D(0, 1) be given by (V.60), where

1 00 0 1 2
A=1050 and W= [—-1 0 1]. (1)
0 09 2 10
Determine p := |\W||O_p1 < oo and compute ag, a1, a2, a3 € C and C4 < oo such that

|z — (a0 + mg + 128> + a38°)| < Cag*
forall g € (—p,p).

Solution. The eigenvalues of A are 1,5,9. Let P be the orthogonal projection onto the eigenspace
associated with 1, and let P+ be the projection onto the orthogonal complement. Explicitly,

100 00 0
PpP=100 0] P-r=(0 1 0 (2)
000 0 0 1.

One has that P (A — 1) P restricted to Ran(P~) is invertible. Then for |¢| and |z| sufficiently small
one has that the matrix

0 0 0
PY(Ag—1—2z)P* =P (A—1—2z)Pt +gP*WP+= |0 4—z 0 | +gP WP+,
0 0 8-z
restricted to Ran(P+) is invertible.
Moreover, one has
0 0 0
PH(Ag—1—2z)P+ = (14 gP*WP Ry (1+2)) [0 4—z 0 3)
0 0 8-z
where
0 0 0
Ry(1+z)=(PH(A-1-2)PH)'Pt=10 (4—2)! 0

If z € D(0,1) then || Ry (14 2)]lop < . Then for [g| < [|[W]|,,} one obtains

(—8)"(P*WP Ry (1+2))". (4)

e

(PH(Ag —1—2z)PH) P+ = Ry (1+2z)

n=0



Let us consider the Feshbach—Schur map
Fp(Ag—1—2,A—1—2z)=P(Ag—1—z)P — ¢*PWP*(P+(A; — 1 —z)P) 'P-WP
e 5
= —zP + gPWP — ¢’PWRy (1 +2) ) (—§)"(P*WP* Ry (1 +z))"P-WP. ®)
n=0
By Theorem V.2 of the notes, A; — 1 — z is invertible if and only if Fp(Ag —1—2,A —1—2z) is
invertible. Since Fp is a rank-one matrix, 1 + z is an eigenvalue of Ag if and only if
0= (e1|Fp(Ag —1—2,A—1—2)e)
6
= —z+gWi1 — ¢ Z "(Wei|Rg (1+z)(PLWPLRy (1 + z))" P Wey). ©)
n=0
An explicit computation shows that

1 4
(Wei|Rg (14 z)P-We;) = o ts (Weq|Ry (14 z)PEWPLRy (1 +z) P Wey) = 0.
Then we obtain that z € D(0, 1) satisfies
1 4
z=—g* <4_Z+8_Z>—g4f(g,z). 7

with || f(g,2)] < ||W||§p/6 for all |g| < HWH;pl. Using Eq. (7) one gets |z| < Cy¢? where C; :=
1/3+4/7+1/6, then

1 1, 4 1
2] _|_,2 _ = I R
IZ+3/4g|—‘ 8 (4_Z 4+8_Z 2) §f(g2)

£l e ®

<g (cl<1/1z+ 1/14> +IWI3,/6)

Exercise 6.2 ( 6)

Letn e N, T =T* W =W* € B(C")\ {0} and Ty := T + gW with g € R. Let Ty = (e | Tex) =0
and Ty = (ex | Tey) < Oforall k # 1 € {1,...,n}, where {e;}}_;, C C" denotes the canonical
orthonormal basis.

(i) Letinfo(T) =: Ag. Show that Ay is a strictly negative eigenvalue.

(i) Lety € Ker[T — A] \ {0} be an eigenvector corresponding to Ag. Show that there exists a € [0,277)
such that e (ey | ) > O forall k € {1,...,n}. Conclude that A is a simple eigenvalue of T.

(iii) Assume that (p | W) = 0, PLW¢p # Oandinfo(T,) =: A,. Show thatthemapR 5 ¢ — Ay € R
attains a strict local maximum at ¢ = 0.

Solution.
(1) Let Ag < Aq--- < Ay,_1 be the eigenvalues of T. One has

n

n—1
Z /\] = TI' Z ek\Tek (9)
=0

Since T = T*, A; € R. Moreover, since T # 0, not all eigenvalues are equal to 0. Using the above
and Eq. (9)), one concludes that Ay < 0.



(ii)

(iii)

Letus set ¢ = ||| ~1¢. We denote ¢ = (ex|p), and define ¢ = Y}, | @x|ex. One has that

M=(9ITe)= Y} (@pr+o@)Tir > Y, 2leellelTia = (6, To) > Ao. (4

1<k<I<n 1<k<I<n

Therefore, Prp; + @x@; = |Pr 1|, which implies that there exists a such that ¢ = ¢'*|@x|. Hence
e "(ex|) = |@k|||p]] > 0. Since ¢ # 0, there exists I such that e~**(e;|¢p) > 0, and thus

1 )
“lerly) = ZTTk] “ejly) = - Tiae ™ (erly) > 0. (11)

If dim(Ker(T — Ag)) > 1, then since T = T* one can choose orthogonal eigenvectors 1, ) asso-
ciated with Ag. Taking a, & such that e="* (e |¢), e ~"* (e |(p) > 0, one would have

0= (e ™®ple %4p) Ze o (er|p) - e " (ex|B) > 0, (12)

which is impossible.

Let P be the orthogonal projection onto Ker(T — Ag) and P~ = 1 — P. Then P*+(T — Ag)P+
invertible in Ran(P~). By definition, one has

(91 Tep) = (9| TP) + g(P|W), (13)

which implies
Ao +8lIWII = Ag = Ao — g[[WI. (14)

Then one has [|Ag — Ag|| < |g|[|W/||. Hence, for |g| > O sufficiently small, P+ (T, — Ag) P+ is also
invertible in Ran(P1), and one can consider the Feshbach—Schur map Fp (T, — Ay ). Moreover, since
Ty — Ag is not invertible, Fp(Ty — Ag) is not invertible. Since dim Ran(P) = 1, one has that for a
normalized vector ¢ € Ran(P),

0 = (YIFp(Ty — Ag)¥)
= ho— Ag + g(PIWP) — FYIWPH(PLTPL + gPLWP —A0) ' PIwy)  (5)
= Ao = Ag — S(PLWP|(PLTPL + gPLWPL — Ag) 1P W)

Since PLTP+ — Aq restricted to Ran(P1) is strictly positive, one has that for sufficiently small
gl >0,

PLTP+ + gPrWPL — Ay = PETPH — Ag + gPrWPL — (Ag — Ag) >0,
and since P-W1 # 0, one obtains

(PEWy|(PETP* + gPrWPH — Ag) "' PEWy) > 0. (16)

Egs. (T6) and (T3) imply the result.



Exercise 6.3 ( 12)

Letn € N, T = T*,W = W* € B(C")\ {0}, and Ty := T+ gW, with ¢ > 0 and W > 0. Let
Ao := info(T) be a simple eigenvalue with normalized eigenvector ¢y € C" and associated orthogonal
projection Py := |4pg) (¢o|. Furthermore, define Ry (z) := (Tp — z) 1P and Aq := inf o (Ty).

(i) Show that there exists go > 0 such that A is a simple eigenvalue for ¢ € (—go, 80).

(ii) Show that there exists go > 0 such that )\g satisfies the estimate
Ag = Ao+ (ol W) — &2(o|W R [Ao + 2 (ol Wpo)] Wyo) (17)

for g € [0, o).

(iii) Show that there exists go > 0 such that A, satisfies the estimate
Ag < Ao+ g (o[ Wipo) (18)
2 1 3 i i
-8 <¢0)WR0 (AO)W1/JO> +8 <¢0‘WR0 (A0)WRq (/\O)WlPo>
for ¢ € [0, g0). Hint: Apply the variational principle with the trial vector o — ¢Rg (Ao) Wipg. (Why
is this a good choice?)
Solutions.
(i) Theorem IV.10 of the notes implies that there exists 7, 0 > 0 such that for all g € (—p, p),
o(Tg) ND(Ao,7) = {ug),
where i, is a simple eigenvalue of Ty. One also has
[Ag = Ao| = [gllIWI- (19)
Taking go := min(r/||W||, p) one obtains that for all g € (—go,80). Hg = Ag.
(ii) Using the Feshbach—Schur map one obtains that for ¢ sufficiently small
Ag = Ao+ g{tpo|Wipo) — &*(o| WPy (Py TPy +gPy WPy — Ag) ' Py Wipo).  (20)
Since Py- TPy~ — Ao > 0, for |g| sufficiently small one has
Py-TPy + gPy WP- — Ag > 0.

Then Eq. implies that
Ag < Ao+ &(%o|Wipo).

M Ao then for all 0 < g < go one obtains

(1o Wipo)

Let0 < go <
Py-TP§- + gPy- WP- — Ag > P TPy — Ag — g(o|Wipo) > Py- TPy~ — Ay > 0.
Then one has

Ry [Ao+ g (o[ Wipo)] = (Py TPy — Ao — g(o|Wepo)) " > (Py TPy + gPy WPy — Ag) ™.
2D
Using Eq. and (ZT)) one obtains (T7).



(iii) Let us denote ¢ = g — gRy (Ao) Wihp. An explicit computation using that Ry (Ag)Wipg € {tpo}+
shows
(| Tep) = Ao + g{tho|Wipo) + Aog?[| Ry (Ao) Wipol|* — &> (0| WRyy (Ao) Wipo)
+ (0| WRg (Ao) WRg (Ao) Wio) (22)
= Aoll@]l* + g (ol (W — gWRq (Ao)W + g*WRg (A0) WRy (o) W) o).

Besides, since W > 0 for ¢ > 0 one has

W — gWRg (Ag)W + §*WRg (A0) WRy (Ag) W
> W —2¢WRg (Ag)W + ¢2WRy (Ag)WRy (Ag)W (23)
= VIW(1 — gVVWRG (Ag)VIW)2VW > 0.

where in the first inequality one uses that WROl (X)W > 0. Then using Eq. (22) and that || §0H2 _
1+ g%||Ry (Ao)Wipp||> > 1 one obtains,

(91T ) < ll9]* (A0 +g(yol (W — gWRG (o)W + §WRg (Ao)WRg () W)in) ). (24)

. T .
Since /\g < ﬁ'(pﬁf ) , one obtains the result.



