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Letd € {1,2,3} and V € L*(R%R]) vanish at infinity, i.e., with Vg(x) := 1(|x| > R) V(x), it holds
that limpg 0 HVRHOO =0.
The goal of this exercise is to show that the eigenfunctions of H = —A — V(x) on $ := L?(R%)

corresponding to eigenvalues below —E < 0 decay exponentially at infinity like ¢~ TVEN] (for a universal
T > 0 chosen as large as possible).

Exercise 5.1 (6)
Let ¢ € C*(R*;R") be a convex function with ¢(r) = 0 for r < 2 and ¢(r) = r— 3 forr > 4.
Furthermore, let & > 0, R > 1, and let F : R? — R* be given by F(x) := aR ¢(|x|/R).

(i) Compute VF and AF, and show that | VF|w < & and ||[AF||« < Ca/R hold, where the constant
C < oo depends only on d and [|¢" || .

(ii) Let (Ap, CF(R?)) € £[9)] be defined by A := ef o Aoe F. Show that (Wr, C§*(R?)) with
WE := Ap — A is an infinitesimal perturbation of (A, CF(R?)) € £[$)].

(iii) Conclude that (Ap, C°(R?)) € £[$)] can be extended to a closed operator (Ap, H*(RY)) € £[6).

Solution.

(i) An explicit computation shows that

(VF)(x) = a¢’<|x\/R>ﬁ, )
and 1 q_1
(AF)(x) = g (131/R) + ==/ (12l /R). @)

Since ¢ is convex, one has 0 < ¢'(r) < ¢'(4) =1, 0 < r < 4. Hence ||¢'|| = 1. Using Eq. (I)), it
follows that || VF||e < a. Moreover, since ¢'(r) = 0 for r < 2, one has

1, 1,
¢/ (x1/R) < 5/ (x1/R). G)

Combining Egs. () and (@), we obtain

o d—1
R < & (19"l + 957 ) =curr @
(ii) Let ¢ € C3(IRY). An explicit computation shows that
Arg = —gAF +|VF|?g —2Vg - VF + Ag. )

Therefore,

IWeglli2 = [1(AF = 8)gll2 < (1AF|lo + [IVEPlleo) 18] 22 + 2] VEllo [ VEl12- - (6)



Furthermore, for every ¢ > 0,
IVl = (8, —Ag) 12 < lIgllzllAgll

2 (N
¢ 2 1 2
< S1AgIE: + 558l

Using Egs. (@) and (), it follows that (Wg, C3°(IR?)) is an infinitesimal perturbation of (A, C3°(IR)).

(i) Let ¢ € H?(IR?). Then there exists a sequence (gx)nen C C5°(IR?) such that

18n = lliz =0, [[Agn — Adll12 = 0.
Egs. (@) and (7) imply that (Wrgy,)nen is a Cauchy sequence. We define
Wr¢ := nll_{I_}o Wrgn,
and
Ardp :=Wrp+Ap, ¢ € H(R?). (8)

Note that Eq. (7) extends to ¢ € H?(IRY) by approximating D*g, |a| < 2, with functions D%g,, €
C(R?) and passing to the limit. Consequently, Eq. (@) also extends to H(IR?). Therefore, (Wg, H2(IR?))
is an infinitesimal perturbation of (A, H>(IR)).

We now show that (Ar, H?(IR%)) is closed. Let (¢, ),eN be a sequence in H?(IRY) such that
on—> P €L Appy — p € L2

Since (Wr, H>(IRY)) is an infinitesimal perturbation of (A, H>(IR%)), for every a < 1 there exists
b > 0 such that

IAFI = IARfIl < IWefll < allAfll +BIfll, f € HA(RY). ©)

In particular,
[Apull < (1 —a) " | Argul| + (1 —a)~"b]|¢pull-
Hence (A¢,)nen is a Cauchy sequence and therefore convergent. Since ¢, — ¢ and (A, H>(R?))
is closed, it follows that ¢ € H?(IR?) and
APy — Ad.
Consequently,
WF¢1’1 — WF(P/

and Eq. (B) yields
Ardpy — Wp(l) -+ A(P = qub.

Therefore, ( = Ar¢, which proves that (Ap, H?(IR?)) is closed.

Exercise 5.2 (6)
Leta >0,R > 1,andz = —a+ib € C witha > 0 and b € R. Show that —Ar — z is boundedly
invertible for fixed 2 > 0 and sufficiently small « > 0, and provide a norm bound.



Solution. Note that —Ar —z = —A — W — z. For all a > 0, the operator —A — z is boundedly
invertible, hence
—Ap—z=-A—-Wr—z=(1-Wp(-A—2)"1)(-A—2). (10)

For all ¢ € L*(IRY), using Eq. (6) and (7), one obtains for ¢ € L>(IR¥) and ¢ > 0,
IWE(=A = 2) 79l 2 < (Ca/R+0a?) (=4 —2)7 ¢l 2

+ay/[[(=0 = 2)719 ] 12 || — A=A —2) 192
< (Ca/R+a?)a 9]l 2 + 200 gz,

where we used that [[(—A — z) 1oy < 1/aand || — A(—A —z) 7 1op < 1.
Then one obtains

IWE(—A — z)’lﬂop < (Ca/R+ txz)a’l +2na V2 = ny(a). (11)

Taking & > O such that 1, (a) < 1, it follows that 1 — Wr(—A — z) ! is invertible. Then Eq. (T0) implies
that —Ar — z is boundedly invertible. Moreover, one has

1

g (12)

I(=AF =2)Hlop < a7 Y ma(a) =a”
k=0

Exercise 5.3 ( 12)
Let E > Oandlet P :=1[H < —E] and Pg := 1[Hr < —E] be the spectral projections of H = H* and
Hr = Hj; := —A — Vg(x), respectively, onto (—oo, —E].

(i) Show that dim Ran(Pg) < dimRan(P) < oo holds.
(i) Show that Pr = 0 holds if R < oo is sufficiently large.
(iii) Show that there exist constants Cg < oo and T > 0 such that || exp (TVE|x|) PHOP < Cg.

Hint for (iii): Write P as a Dunford-Cauchy integral and use P = P — Pg for R < oo sufficiently large. Now,

choose a appropriately and estimate the norm of e P = e (P — Pg) using Exercise 5.2ande 5 (V — Vg) =
(V = Vgr).

Solution.

(i) The Kato—Rellich theorem implies that Hr and H are bounded below self-adjoint operators. Since
Vk and V are relatively compact with respect to —A, one has

Tess(H) = 0pss(HR) = 0(—A) = [0, 00). (13)
Since Vi < V, it follows that H < Hpy. Hence, the min-max principle implies that for all E > 0,
dim(Ran(Pgr)) < dim(Ran(P)).

Moreover, since H is bounded below, one has ¢(H) C [M, o) for some M < 0. Since o(H) is
closed, for all E > 0 the set

o(H) N (—c0, —E] = o(H) N [M, —E] = 0435 (H) N [M, —E]

is finite. Therefore, dim Ran(P) < oo.



(i) One has Hg = —A — Vg > —||Vg||co», which implies that
o(Hr) C [=[Vklles, 00).
Let R be sufficiently large such that | Vg||« < E. Then
(o0, —E) N (Hg) C (=00, —E) N [~ [ Vk|eo, 00) = .
Hence P = 0.

(iii) Let
M< A< <Ay <—E
be the eigenvalues of H lying below —E. Let r > 0 be such that A,, +r < —E. Let

Q:=[M—rAy+r] x[-1,1],

and let I’ := dQ denote its boundary, oriented counterclockwise. Then

1 -l
P:= /F(H z)” dz. (14)

2711

Let R > 0 be sufficiently large such that Pr = 0. Hence

P=(P—Pr) =~ [((H-2)" — (Hx—2)")dz -
_ _Zlm,/r(HR ) YV = VR)(H —2) ' dz

Since V € L? (]Rd), it follows that V' is an infinitesimal perturbation of —A. Consequently, V is also
an infinitesimal perturbation of H = —A — V. Together with the fact that || V||« < o0, this implies
that

sup [|(V = VR)(H —z) |op < C1 < c0. (16)
zel

Let a > 0 be given by & = (1/2 — 1)E'/2. Then one obtains

sup { —§F§:(z) +2(—8‘Ee?z))1/2 : Re(z) < Ay +r} = C< 0;52 + % =1 (17
Take R > O sufficiently large such that
ny(E):=Ca(ER) ' +C <1,
where C > 0 is given by Eq. (@), and such that
A E-!
C:= ”VRH‘”T,X(E) <1 (18)

Consider F(x) = aR¢(|x|/R) as in Exercise 5.1. Using Exercise 5.2, one obtains that for all z € C
with Re(z) < A, + 7, the operator —Ap — z is boundedly invertible and

1

@) (19)

I(=8F —2)"Hlop <E7



Since
eFHre f —z= —Ap—z— Vg = (1= Vr(=Ar —2) ) (=AF — 2),

it follows that if Re(z) < A, + 7, then ef Hre™F — z is boundedly invertible and

1 1
sup ||(e Hge F —2) Moy < B!

=~ =: () < o0.
Re(z)<Ap+r 1-— ntx(E) 1-C

Note that e=F (V — Vi) = V — Vg, then one obtains
eF(HrR —2) W (V=WVR)(H—-z) ' =ef(Hg —2) e F(V-VR)(H—2)!
= (e!Hre F —2) "1 (V- VR)(H —2)7!
Using Egs. (I3) and (22)) one obtains

P = o [ He 1)V~ Ve)(H )
27 Jr

Using Eqs. (T6) and (1)) one obtains

I
HBPPHOP < |7'L"C1C2 < 0.

Finally, using that etlx[—3R < ef (x), one obtains

_ r
1], = =0t p,, < iy

(20)

21

(22)

(23)

(24)

(25)



