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Let d ∈ {1, 2, 3} and V ∈ L2(Rd; R+
0 ) vanish at infinity, i.e., with VR(x) := 1

(
|x| ≥ R

)
V(x), it holds

that limR→∞ ∥VR∥∞ = 0.
The goal of this exercise is to show that the eigenfunctions of H = −∆ − V(x) on H := L2(Rd)

corresponding to eigenvalues below −E < 0 decay exponentially at infinity like e−τ
√

E|x| (for a universal
τ > 0 chosen as large as possible).

Exercise 5.1 ( 6 )
Let ϕ ∈ C∞(R+; R+) be a convex function with ϕ(r) = 0 for r ≤ 2 and ϕ(r) = r − 3 for r ≥ 4.
Furthermore, let α > 0, R > 1, and let F : Rd → R+ be given by F(x) := αR ϕ

(
|x|/R

)
.

(i) Compute ∇F and ∆F, and show that ∥∇F∥∞ ≤ α and ∥∆F∥∞ ≤ Cα/R hold, where the constant
C < ∞ depends only on d and ∥ϕ′′∥∞.

(ii) Let
(
∆F, C∞

0 (Rd)
)
∈ L[H] be defined by ∆F := eF ◦ ∆ ◦ e−F. Show that

(
WF, C∞

0 (Rd)
)

with
WF := ∆F − ∆ is an infinitesimal perturbation of

(
∆, C∞

0 (Rd)
)
∈ L[H].

(iii) Conclude that
(
∆F, C∞

0 (Rd)
)
∈ L[H] can be extended to a closed operator

(
∆F, H2(Rd)

)
∈ L[H].

Solution.

(i) An explicit computation shows that

(∇F)(x) = αϕ′(|x|/R)
x
|x| , (1)

and
(∆F)(x) = α

1
R

ϕ′′(|x|/R) + α
d − 1
|x| ϕ′(|x|/R). (2)

Since ϕ is convex, one has 0 ≤ ϕ′(r) ≤ ϕ′(4) = 1, 0 ≤ r ≤ 4. Hence ∥ϕ′∥∞ = 1. Using Eq. (1), it
follows that ∥∇F∥∞ ≤ α. Moreover, since ϕ′(r) = 0 for r ≤ 2, one has

1
|x|ϕ

′(|x|/R) ≤ 1
2R

ϕ′(|x|/R). (3)

Combining Eqs. (2) and (3), we obtain

|(∆F)(x)| ≤ α

R

(
∥ϕ′′∥∞ +

d − 1
2

)
= Cα/R. (4)

(ii) Let g ∈ C∞
0 (Rd). An explicit computation shows that

∆Fg = −g∆F + |∇F|2g − 2∇g · ∇F + ∆g. (5)

Therefore,

∥WFg∥L2 = ∥(∆F − ∆)g∥L2 ≤ (∥∆F∥∞ + ∥|∇F|2∥∞)∥g∥L2 + 2∥∇F∥∞∥∇g∥L2 . (6)
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Furthermore, for every c > 0,

∥∇g∥2
L2 = ⟨g,−∆g⟩L2 ≤ ∥g∥L2∥∆g∥L2

≤ c2

2
∥∆g∥2

L2 +
1

2c2 ∥g∥2
L2 .

(7)

Using Eqs. (6) and (7), it follows that (WF, C∞
0 (Rd)) is an infinitesimal perturbation of (∆, C∞

0 (Rd)).

(iii) Let ϕ ∈ H2(Rd). Then there exists a sequence (gn)n∈N ⊂ C∞
0 (Rd) such that

∥gn − ϕ∥L2 → 0, ∥∆gn − ∆ϕ∥L2 → 0.

Eqs. (6) and (7) imply that (WFgn)n∈N is a Cauchy sequence. We define

WFϕ := lim
n→∞

WFgn,

and
∆Fϕ := WFϕ + ∆ϕ, ϕ ∈ H2(Rd). (8)

Note that Eq. (7) extends to g ∈ H2(Rd) by approximating Dαg, |α| ≤ 2, with functions Dαgn ∈
C∞

0 (Rd) and passing to the limit. Consequently, Eq. (6) also extends to H2(Rd). Therefore, (WF, H2(Rd))
is an infinitesimal perturbation of (∆, H2(Rd)).

We now show that (∆F, H2(Rd)) is closed. Let (ϕn)n∈N be a sequence in H2(Rd) such that

ϕn → ϕ ∈ L2, ∆Fϕn → ψ ∈ L2.

Since (WF, H2(Rd)) is an infinitesimal perturbation of (∆, H2(Rd)), for every a < 1 there exists
b > 0 such that

∥∆ f ∥ − ∥∆F f ∥ ≤ ∥WF f ∥ ≤ a∥∆ f ∥+ b∥ f ∥, f ∈ H2(Rd). (9)

In particular,
∥∆ϕn∥ ≤ (1 − a)−1∥∆Fϕn∥+ (1 − a)−1b∥ϕn∥.

Hence (∆ϕn)n∈N is a Cauchy sequence and therefore convergent. Since ϕn → ϕ and (∆, H2(Rd))
is closed, it follows that ϕ ∈ H2(Rd) and

∆ϕn → ∆ϕ.

Consequently,
WFϕn → WFϕ,

and Eq. (8) yields
∆Fϕn → WFϕ + ∆ϕ = ∆Fϕ.

Therefore, ψ = ∆Fϕ, which proves that (∆F, H2(Rd)) is closed.

Exercise 5.2 ( 6 )
Let α > 0, R > 1, and z = −a + ib ∈ C with a > 0 and b ∈ R. Show that −∆F − z is boundedly
invertible for fixed a > 0 and sufficiently small α > 0, and provide a norm bound.
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Solution. Note that −∆F − z = −∆ − WF − z. For all a > 0, the operator −∆ − z is boundedly
invertible, hence

−∆F − z = −∆ − WF − z =
(
1 − WF(−∆ − z)−1)(−∆ − z). (10)

For all ϕ ∈ L2(Rd), using Eq. (6) and (7), one obtains for ϕ ∈ L2(Rd) and c > 0,

∥WF(−∆ − z)−1ϕ∥L2 ≤ (Cα/R + α2) ∥(−∆ − z)−1ϕ∥L2

+ α
√
∥(−∆ − z)−1ϕ∥L2 ∥ − ∆(−∆ − z)−1ϕ∥L2

≤ (Cα/R + α2) a−1∥ϕ∥L2 + 2αa1/2∥ϕ∥L2 ,

where we used that ∥(−∆ − z)−1∥op ≤ 1/a and ∥ − ∆(−∆ − z)−1∥op ≤ 1.
Then one obtains

∥WF(−∆ − z)−1∥op ≤ (Cα/R + α2)a−1 + 2αa−1/2 = nα(a). (11)

Taking α > 0 such that nα(a) < 1, it follows that 1−WF(−∆− z)−1 is invertible. Then Eq. (10) implies
that −∆F − z is boundedly invertible. Moreover, one has

∥(−∆F − z)−1∥op ≤ a−1
∞

∑
k=0

nα(a)k = a−1 1
1 − nα(a)

. (12)

Exercise 5.3 ( 12 )
Let E > 0 and let P := 1[H < −E] and PR := 1[HR < −E] be the spectral projections of H = H∗ and
HR = H∗

R := −∆ − VR(x), respectively, onto (−∞,−E].

(i) Show that dim Ran(PR) ≤ dim Ran(P) < ∞ holds.

(ii) Show that PR = 0 holds if R < ∞ is sufficiently large.

(iii) Show that there exist constants CE < ∞ and τ > 0 such that
∥∥ exp

(
τ
√

E|x|
)

P
∥∥

op ≤ CE.

Hint for (iii): Write P as a Dunford-Cauchy integral and use P = P− PR for R < ∞ sufficiently large. Now,
choose α appropriately and estimate the norm of eF P = eF (P− PR) using Exercise 5.2 and e−F(V −VR) =
(V − VR).

Solution.
(i) The Kato–Rellich theorem implies that HR and H are bounded below self-adjoint operators. Since

VR and V are relatively compact with respect to −∆, one has

σess(H) = σess(HR) = σ(−∆) = [0, ∞). (13)

Since VR ≤ V, it follows that H ≤ HR. Hence, the min-max principle implies that for all E > 0,

dim(Ran(PR)) ≤ dim(Ran(P)).

Moreover, since H is bounded below, one has σ(H) ⊂ [M, ∞) for some M < 0. Since σ(H) is
closed, for all E > 0 the set

σ(H) ∩ (−∞,−E] = σ(H) ∩ [M,−E] = σdis(H) ∩ [M,−E]

is finite. Therefore, dim Ran(P) < ∞.
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(ii) One has HR = −∆ − VR ≥ −∥VR∥∞, which implies that

σ(HR) ⊂ [−∥VR∥∞, ∞).

Let R be sufficiently large such that ∥VR∥∞ < E. Then

(−∞,−E) ∩ σ(HR) ⊂ (−∞,−E) ∩ [−∥VR∥∞, ∞) = ∅.

Hence PR = 0.

(iii) Let
λ1 < λ2 < · · · < λn < −E

be the eigenvalues of H lying below −E. Let r > 0 be such that λn + r < −E. Let

Q := [λ1 − r, λn + r]× [−1, 1],

and let Γ := ∂Q denote its boundary, oriented counterclockwise. Then

P := − 1
2πi

∫
Γ
(H − z)−1 dz. (14)

Let R > 0 be sufficiently large such that PR = 0. Hence

P = (P − PR) = − 1
2πi

∫
Γ

(
(H − z)−1 − (HR − z)−1) dz

= − 1
2πi

∫
Γ
(HR − z)−1(V − VR)(H − z)−1 dz

(15)

Since V ∈ L2(Rd), it follows that V is an infinitesimal perturbation of −∆. Consequently, V is also
an infinitesimal perturbation of H = −∆ − V. Together with the fact that ∥VR∥∞ < ∞, this implies
that

sup
z∈Γ

∥(V − VR)(H − z)−1∥op < C1 < ∞. (16)

Let α > 0 be given by α = (
√

2 − 1)E1/2. Then one obtains

sup
{

α2

−ℜe(z)
+ 2

α

(−ℜe(z))1/2 : ℜe(z) ≤ λn + r
}

=: C̃ <
α2

E
+

2α

E1/2 = 1. (17)

Take R > 0 sufficiently large such that

nα(E) := Cα(ER)−1 + C̃ < 1,

where C > 0 is given by Eq. (4), and such that

Ĉ := ∥VR∥∞
E−1

1 − nα(E)
< 1. (18)

Consider F(x) = αRϕ(|x|/R) as in Exercise 5.1. Using Exercise 5.2, one obtains that for all z ∈ C

with ℜe(z) ≤ λn + r, the operator −∆F − z is boundedly invertible and

∥(−∆F − z)−1∥op ≤ E−1 1
1 − nα(E)

. (19)
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Since
eF HRe−F − z = −∆F − z − VR = (1 − VR(−∆F − z)−1)(−∆F − z), (20)

it follows that if ℜe(z) < λn + r, then eF HRe−F − z is boundedly invertible and

sup
ℜe(z)≤λn+r

∥(eF HRe−F − z)−1∥op ≤ E−1 1
1 − nα(E)

1
1 − Ĉ

=: C2 < ∞. (21)

Note that e−F(V − VR) = V − VR, then one obtains

eF(HR − z)−1(V − VR)(H − z)−1 = eF(HR − z)−1e−F(V − VR)(H − z)−1

= (eF HRe−F − z)−1(V − VR)(H − z)−1 (22)

Using Eqs. (15) and (22) one obtains

eFP = − 1
2πi

∫
Γ
(eF HRe−F − z)−1(V − VR)(H − z)−1 dz. (23)

Using Eqs. (16) and (21) one obtains

∥eFP∥op ≤ |Γ|
2π

C1C2 < ∞. (24)

Finally, using that eα|x|−3R ≤ eF(x), one obtains

∥eα|x|P∥op = ∥eα|x|−F(x)eFP∥op ≤ e3R |Γ|
2π

C1C2. (25)


