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Exercise 4.1 (6)
Let

Bie <(1) g) € Myn(C).

Compute the diagonal form of B, if B is diagonalizable, or otherwise compute the Jordan normal form of
B and the eigenprojections of B.

Solution. The eigenvalues of B are {1,2}. Hence, B is diagonalizable, and its diagonal form is

10
0 2/
For every z ¢ {1,2}, the resolvent of B is given by

B-2=a-27e-97 (37 7). n

Let y1, 72 : [0,27t] — C be the positively oriented curves defined by

Then,
1/ (z—1)"dz 31/ (1—2)'2—2)"dz
_1/ (B—z)dz = 27ti Jy, 27ti ih
2 by : Ry R
271 Jo,
(1 =3
- \0 0/
Similarly,

_1/ (B—Z)fldz: 27t 72 27 T2
27ti Joy 1

Therefore, the eigenprojections of B are

o) = ()



Exercise 4.2 ( 6 )
Let () C C be nonempty and open, and let H be a complex separable Hilbert space. A map

A:Q— B(H)
is called weakly analytic if, for every trace-class operator p € L(H), the function

fo:Q—=C,  fu(z) :=Tr{pA(2)},

is analytic (in the sense of complex analysis).
Show that A : Q) — B(#H) is analytic if and only if A : QO — B(#H) is weakly analytic.

Solution. Let us recall that a trace-class operator p € L1(H) is a bounded operator such that, for every
orthonormal basis {¢, } of #, one has

Z (oPn, pu)| < co. )
‘]/l:

For p € L1(H), one defines

Z 0P, Pu), 3)
which is independent of the choice of orthonormal basis. Moreover,
ol = Tr(lo)-

Let us first prove the identity

| Allop = sup { | Te(pA)| : pll sy =1}, A € B(H). @

Let ¢, € H satisfy ||¢|| = ||¢|| = 1. Define the rank-one operator pg (1) = (¢, h)p. Then pg y is
trace class and satisfies ||0g,y|| o1 = 1. Moreover, Tr(py,yA) = (¢, Ap). Hence,

(¢, Ap)] < sup {| Te(A)] = lpll g1y = 1}

Therefore,

|Allop = sup ({9, Ap) | 9]l = |19l =13 < sup {| (@A) ol sy =1} )
On the other hand,
| Tr(pA)| < Tr([pA]) < [[Allopllell 21/
which implies

sup { | Tr(o )| < lloll c1ay = 1} < 1A ]lop- (6)

= Suppose that A : QO — B(H) is analytic. Let zg € Q). Since pA’(zo) is the limit of trace-class
operators, it follows that

pA'(z0) € LY(H).



Then,

lim [fp(zo - h; ~folz0) _ Tr(PA/(Zo))]

—0

= lim Tr <;l[pA(Zo +h) = pA(zo)] —pA/(Zo)> 7

1
=Tr (hm [(pA(zo +h) —pA(zo)) — pA’(zo)]>
h—0 | h
=0.
Here we used the continuity of the map
LYH) 3 p— Tr(p).

Therefore, f, is analytic and
fo(z0) = Tr(pA' (20))-

< Letzg € O, and letI' C Q) be a closed curve surrounding zo. For p € L(H), since f, is analytic,
Cauchy’s formula yields

Blat B leo) gy = L [E (2 ) - ] e

T 2mi z—(z0+h) z—2 (z—20)2
(®)
Using the estimate
[fo(2)] = [Tr(pA(2)] < lloll 21 [ A2)lop,
Eq. (8] implies
'Tr [p (A(zoﬁthl)Z A(m))] — f3(z0)| < llpll sup HA(z)Hop/r — _IZIHZ_ZO|2 |dz|.
)

Therefore, for every p € L' (H) with ||p|| ;1 = 1, the family

el ()]

{A(zg+h) —A(zo)}
h>0

is Cauchy uniformly in p.
Hence, by Eq. (3), the family

h

is Cauchy in the operator norm. Consequently, it converges, and therefore A is analytic.

Exercise 4.3 ( 12)
Let () C C be open and connected with 0 € (), let H be a complex separable Hilbert space, and let D C ‘H
be a dense subspace. A mapping

(A,D):Q — LIH]
is called an analytic family of type A if D(6) = D for all § € () and

(a) Forevery 6 € (), the operator (A(6), D) is closed and p[A(0)] # D.



(b) The map
A:Q — B(D;H)

is analytic, where the Hilbert space
(D/ <'/ >D)

is equipped with the graph inner product
{9, 9)p := (A(0)g, A0)y) + (9, ).

Now let
H =I1*(R), D:=H*R).

For 0 € R and ¢ € H, define

and

(i) Show that U(0) and T(6) are unitary for all 6 € R.

(i) Compute

and

for every 0 € R.
(iii) Show that there exists 7 > 0 such that
A:R— B(D;H)

admits an extension

A:S, — B(D;H)
to an analytic family of type A on the strip
Sy :=R+i(-r,7),
and compute the spectrum o[A(6)] for every 6 € S,.
(iv) Show that there exists » > 0 such that
B:R — B(D;H)

admits an extension

B:S, — B(D;H)

to an analytic family of type A on the strip
Sy, :=R+i(-r,7),

and compute the spectrum ¢[B(0)] for every 0 € S,.



Solution.
(i) Consider the operators U (0)*, T(6)* € B(L*(R)) defined by

[U(0) 9] (x) = e*2p(e’x),  [T(0)"¢l(x) = ¢(x +8). (10)

One has U(0)*U(0) = U(O)U(0)* = Tand T(6)T(6)* = T(6)*T(0) = I. Moreover, for all
¥, ¢ € L2(R), one obtains

WUOF)12 = [ B e 2plex)dx = [ () g(x) dx = (UO)'Ylg)sz. (1D
The second equality follows by the change of variables y = efx. Similarly,
WITO)9) = [ 900 —0)dr = [ Pt0)p(x)dx = (TO) plg)z. (12

Therefore, T(6)* and U(0)* are the adjoints of T(0) and U(0), respectively, and hence they are
unitary.

(ii) By definition, (U(0)*¢)(x) = ?/2¢(ex). For ¢ € CF(R), one has

4 * _ 0/2 20,11
(~2U(@9) (1) = =2y () (13)
Thus,
A0 _ ,—06/2 dzug* _ 20 (11 6 _ 14
MA@ = (—Luyp) () = i) = (- Lg) 00 a4
Hence, for all ¢ € C5°(R), one has A(0)¢p = —629‘1—4) Since both operators are closed in the
domain H?(R), and C(R) C H?(R) is dense, it follows that
d?
0
A(G) —62 W
Similarly, B(0) = — £,
(iii) Define (A, D) : C — L[L*(R)] by D(z) = H*(R) and
2 d?
A(Z) =e <_dx2> . (15)

The spectrum satisfies
2 d? 2
— v4 _ Z .
0(A(z)) = e“o <_dx2> ={re*:r € 0,00)}.
In particular, p(A(z)) # @. For ¢ € H?, one has

2
7 (AG+ Ry =~ AG)Y) ~ 226 (= 15 ) Yl

16
< dx2> ””H "

< |h_1(€2(z+h) . 622) . ZZEZZHWJHD‘

< |h ( 2(z+h) _ eZz) —22622|




Therefore,
2

|h Y (A(z +h) — A(z)) — 2z¢* <_ddx2

> 5Dy < |1 (EEH — ) — 2262 | — 0. (17)

Thus, A : C — B(D;H) is analytic, and (A, D) is an analytic family of type A.

(iv) One sets B(z) = B(0) = —%, it is clear that ¢(B(z)) = ¢(B(0)) = [0, o).



