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Exercise 4.1 (6)
Let

B := ((1) g) € M2(C).

Compute the diagonal form of B, if B is diagonalizable, or otherwise compute the Jordan normal form of
B and the eigenprojections of B.

Exercise 4.2 (6)
Let () C C be nonempty and open, and let 7 be a complex separable Hilbert space. A map

A:Q— B(H)
is called weakly analytic if, for every trace-class operator p € L'(H), the function

fo:Q—=C, folz) :=Tr{pA(z)},

is analytic (in the sense of complex analysis).
Show that A : Q) — B(#H) is analytic if and only if A : QO — B(H) is weakly analytic.

Exercise 4.3 ( 12)
Let () C C be open and connected with 0 € (), let H be a complex separable Hilbert space, andlet D C H
be a dense subspace. A mapping

(A,D):Q — LH]
is called an analytic family of type A if D(6) = D for all 6 € () and
(a) Forevery 6 € Q, the operator (A(6), D) is closed and p[A(0)] # D.

(b) The map
A:Q— B(D;H)

is analytic, where the Hilbert space
(D/ <'/ >D)
is equipped with the graph inner product
(9, ¥)p = (A(0)p, A0)¢) + (@, ).
Now let
H =L1*(R), D:=H*R).

Forf € R and ¢ € H, define
U (0)y](x) := e 2yp(e %x)

and
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Show that U () and T(6) are unitary for all § € R.

Compute

and

for every 0 € R.
Show that there exists r > 0 such that
A:R — B(D;H)

admits an extension

A:S, — B(D;H)
to an analytic family of type A on the strip

Sy :=R+i(-r,71),
and compute the spectrum o[A(6)] for every 6 € S,.
Show that there exists ¥ > 0 such that

B:R — B(D;H)

admits an extension

B:S, — B(D;H)

to an analytic family of type A on the strip
Sy :=R+i(-r,7),

and compute the spectrum ¢ [B(0)] for every 0 € S,.



