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Let KN € N, Z := (Zy,...,7Zx) € (RD)K, R := (Ry,...,Rg) € (R®K, b := L2(R%), HN) .=

h=N = L2(IR3N) and D) := H2(R®VN).

Exercise 3.1 (6)

Show that (| - |71, H*(R®)) € £[b] is infinitesimally bounded with respect to ( — A, H*(R?)).

Solution For R € R3, define V(x) = |x — R|~! and

Vo, Voo iR 5 R, Va(x) = |x[ X jrers: oorj<1y Veol¥) = [ X rero: poriz1y- (D)

Observe that V = V5 + Vi, with V, € L2(R?) and Vo € L®(IR?). Moreover,

||V2||L2 :2\/E, ||Voo||L°° :1

Since Voo € L®(IR?), it follows that for every E > 0, the operator Veo(—A + E)~! is bounded. In
addition, by Lemma II1.4 of the notes, the operator V2(—A + E)~! is also bounded. Using Eq. (II.26) of

the notes, we obtain

IV(=A+E) Hlop < [[V2(=A+E) Hlop + [ Veo(=A + E) oy

< CEY2 4 |[Veo = 1 (=A+ E) " lop 2)
— CE—l/Z + E_l,
where
2 2
C=1/5=IVall2 = 2\/g7r.
Therefore, as a consequence of Lemma II1.3 of the notes, for every ¢ € HZ(IR3N ),
IVlle < (CETY2 4+ E7N| = Apllr2 + (CEYZ + 1) |9 2. 3)
Exercise 3.2 (6)
Let Uz r be the multiplication operator on HN) corresponding to the function
N K Zk
U;R(xl,...,xN) = — T (4)
o ,IZ::U; ‘xn - Rk‘

Show that (Uz g, H*(R®N)) € £[%)]isinfinitesimally bounded withrespectto ( 31 —A,, H2(IR3N)).

Solution. Forallk € {1,...,K}, let
Vi(x) =[x — Re| 7.
Exercise 3.1 (Eq. (3)) implies that for every ¢ € H?(IR%),

Vil 2ray < a(E)[| = Al 12wy + b(E) [9]] 12(ws).
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where
a(E)=CEV?+E™', b(E)=CEV?+1

Now let ¢ € H2(R3N) and n € {1,...,N}. For x € R¥N-1), define 1, (x) € L?(R?) by

Pu(X)(y) = (1, Y, Xngr, -, XN).-

Observe that
(_A’ubn (x))(y) = _AnEU(xl/ e Y Xng1, - /xN)-
Using Eq. (B), we obtain

-2 2
/Rm\xn—zzky p(xs, ..., xn) [ dx
= oy o VG Pl ) Py a0V
a(E)*|| — Bapl[72
+20(E)B(E) [l = B )yl () o2

(6)
+b(E)? |19l
< a(EP[| = DT gon)
+251( JB(E) | — Antp || 2rony (9] 12w
+ b(E)?[|9[|72 gony
2
= (a(E)| = Bupl2eon) + B(E) [l o) ) -
Therefore, for every i € H? (IR3N )s
N
Uzl 2rovy < a(E)Z(Z) ) || = Butpll iz mony + NO(E)E(Z) ||| 2 oy, 9]
n=1
where (Z) = ¥X_| 7.
Integration by parts shows that for every ¢ € H?(RR3N), (8]21/1, 9%1p) = [|9;9;9||*. Hence,
2 N
= Z | — Anyp|* +2 Z —Antp, —Dmip)
2 n=1 n#m
. 2 2
= Z = Aupll® +2 32 Y (=05, =95, )
; n#Em i,j (8)
=Y = 2apl>+2 ) Y [100,0m9 )1
n=1 n#m i,j
u 2
> )1 = Ayl
n=1
Using the Cauchy—Schwarz inequality together with Eq. (), we obtain
N 2 N N 2
Y= 8upliz ) <N Yl Awpl < N|| Y~ ©
n=1 n=1 n=1 12




Finally, combining Eqgs. (9) and (7)), we conclude that

N
), —Anp

n=1

Uz &Yl 2gon) < a(E)Z(Z)N'? + Nb(E)Z(2) ][]l 12(mov) - (10)

L2(IR3N)

Exercise 3.3 (6)
Let V be the multiplication operator on HN) corresponding to the function

1
V(xl,...,xN) = Z U —— (11)

1<m<n<N ‘Xm B x”‘

Show that (V, H2(IR®N)) € £[$™)] is infinitesimally bounded with respect ( _Y_; —A,,, H2(R3N)).

Solution. Eq. (3) together with an estimate analogous to Eq. (G) implies that for every ¥ € H?(IR3N)
and every n,m € {1,...,N}, n # m, one has

/IR3N 0 = 2] xn, x)Pdx /]123 /]R3 — x| 2 |p(x1, . ) [P, ANV
< (a(E)|| = Dupllz + b(E) [[9]l12)%,

(12)
where a(E) = CE~'/2 + E~1,b(E) = CE'/? + 1. Equation (T2) then implies
1 N 1
Vel < S(N=1)a(E) }_ | = Autpll2 + 5NN = Db(E) [ ]| 2. (13)
n=1
Finally, combining Eqs. (I3) and (9), we obtain
1 1
Vgl < S(N = 1)Na( Z Aan + S NN =DbE)[¢]]12- (14)
Exercise 3.4 (6)
Show that (HN(Z R), H?(R3N) ) € £[H™] is a semibounded self-adjoint operator, where
N 1
Hy = ( ) S (15)
(o Lelm)t LB e
Solution. Egs. (T0) and (T4) imply that for every ¢ € H?(IR3N),
[(Uzr + V)¢l < [Uzry[l + [V
1
1/2 - _ _
a(E)N <Z(Z) +5(N 1)> n (16)

1
HUEN (@) + 5(N-1)) Il
where
a(E)=CE'?+E", b(E)=CE"?+1, E>0.
Therefore, Uz g + V is an infinitesimal perturbation of

N
(Z —An,HZ(H{3N)> )

n=1

The conclusion then follows from the Kato—Rellich theorem.



