
Mathematics of Interacting Quantum
Systems

Summer Semester 25/26
Prof. Dr. Volker Bach

Dr. Gerardo Franco

3. Exercise Sheet 3
Upload: 29.04.2026

Deadline: 06.05.2026, 13:15 Uhr

Let K, N ∈ N, Z := (Z1, . . . , ZK) ∈ (R+)K, R := (R1, . . . , RK) ∈ (R3)K, h := L2(R3), H(N) :=
h⊗N = L2(R3N) and D(N) := H2(R3N).

Exercise 3.1 ( 6 )
Show that

(
| · |−1, H2(R3)

)
∈ L[h] is infinitesimally bounded with respect to

(
− ∆, H2(R3)

)
.

Solution For R ∈ R3, define V(x) = |x − R|−1 and

V2, V∞ : R3 → R, V2(x) = |x|−1χ{x∈R3 : |x−R|<1}, V∞(x) = |x|−1χ{x∈R3 : |x−R|≥1}. (1)

Observe that V = V2 + V∞, with V2 ∈ L2(R3) and V∞ ∈ L∞(R3). Moreover,

∥V2∥L2 = 2
√

π, ∥V∞∥L∞ = 1.

Since V∞ ∈ L∞(R3), it follows that for every E > 0, the operator V∞(−∆ + E)−1 is bounded. In
addition, by Lemma III.4 of the notes, the operator V2(−∆ + E)−1 is also bounded. Using Eq. (III.26) of
the notes, we obtain

∥V(−∆ + E)−1∥op ≤ ∥V2(−∆ + E)−1∥op + ∥V∞(−∆ + E)−1∥op

≤ CE−1/2 + ∥V∞∥L∞ ∥(−∆ + E)−1∥op

= CE−1/2 + E−1,

(2)

where

C =

√
2

3π
∥V2∥L2 = 2

√
2
3

π.

Therefore, as a consequence of Lemma III.3 of the notes, for every ψ ∈ H2(R3N),

∥Vψ∥L2 ≤ (CE−1/2 + E−1)∥ − ∆ψ∥L2 + (CE1/2 + 1)∥ψ∥L2 . (3)

Exercise 3.2 ( 6 )
Let UZ,R be the multiplication operator on H(N) corresponding to the function

UZ,R(x1, . . . , xN) := −
N

∑
n=1

K

∑
k=1

Zk

|xn − Rk|
(4)

Show that
(
UZ,R, H2(R3N)

)
∈ L[H(N)] is infinitesimally bounded with respect to

(
∑N

n=1 −∆n, H2(R3N)
)
.

Solution. For all k ∈ {1, . . . , K}, let

Vk(x) = |x − Rk|−1.

Exercise 3.1 (Eq. (3)) implies that for every ψ ∈ H2(R3),

∥Vkψ∥L2(R3) ≤ a(E)∥ − ∆ψ∥L2(R3) + b(E)∥ψ∥L2(R3), (5)
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where
a(E) = CE−1/2 + E−1, b(E) = CE1/2 + 1.

Now let ψ ∈ H2(R3N) and n ∈ {1, . . . , N}. For x ∈ R3(N−1), define ψn(x) ∈ L2(R3) by

ψn(x)(y) = ψ(x1, . . . , y, xn+1, . . . , xN).

Observe that
(−∆ψn(x))(y) = −∆nψ(x1, . . . , y, xn+1, . . . , xN).

Using Eq. (5), we obtain∫
R3N

|xn − Rk|−2|ψ(x1, . . . , xN)|2 dx

=
∫

R3(N−1)

∫
R3

|Vk(xn)|2|ψ(x1, . . . , xN)|2 dxn d3(N−1)x

≤ a(E)2∥ − ∆nψ∥2
L2

+ 2a(E)b(E)
∫

R3(N−1)
∥ − ∆ψn(x)∥L2(R3)∥ψn(x)∥L2(R3) dx

+ b(E)2∥ψ∥2
L2

≤ a(E)2∥ − ∆nψ∥2
L2(R3N)

+ 2a(E)b(E)∥ − ∆nψ∥L2(R3N)∥ψ∥L2(R3N)

+ b(E)2∥ψ∥2
L2(R3N)

=
(

a(E)∥ − ∆nψ∥L2(R3N) + b(E)∥ψ∥L2(R3N)

)2
.

(6)

Therefore, for every ψ ∈ H2(R3N),

∥UZ,Rψ∥L2(R3N) ≤ a(E)Σ(Z)
N

∑
n=1

∥ − ∆nψ∥L2(R3N) + Nb(E)Σ(Z)∥ψ∥L2(R3N), (7)

where Σ(Z) = ∑K
k=1 Zk.

Integration by parts shows that for every ψ ∈ H2(R3N), ⟨∂2
j ψ, ∂2

i ψ⟩ = ∥∂i∂jψ∥2. Hence,∥∥∥∥∥ N

∑
n=1

−∆nψ

∥∥∥∥∥
2

L2

=
N

∑
n=1

∥ − ∆nψ∥2 + 2 ∑
n ̸=m

⟨−∆nψ,−∆mψ⟩

=
N

∑
n=1

∥ − ∆nψ∥2 + 2 ∑
n ̸=m

∑
i,j
⟨−∂2

n,iψ,−∂2
m,jψ⟩

=
N

∑
n=1

∥ − ∆nψ∥2 + 2 ∑
n ̸=m

∑
i,j

∥∂n,i∂m,jψ∥2

≥
N

∑
n=1

∥ − ∆nψ∥2.

(8)

Using the Cauchy–Schwarz inequality together with Eq. (8), we obtain(
N

∑
n=1

∥ − ∆nψ∥L2

)2

≤ N
N

∑
n=1

∥ − ∆nψ∥2
L2 ≤ N

∥∥∥∥∥ N

∑
n=1

−∆nψ

∥∥∥∥∥
2

L2

. (9)
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Finally, combining Eqs. (9) and (7), we conclude that

∥UZ,Rψ∥L2(R3N) ≤ a(E)Σ(Z)N1/2

∥∥∥∥∥ N

∑
n=1

−∆nψ

∥∥∥∥∥
L2(R3N)

+ Nb(E)Σ(Z)∥ψ∥L2(R3N). (10)

Exercise 3.3 ( 6 )
Let V be the multiplication operator on H(N) corresponding to the function

V(x1, . . . , xN) := ∑
1≤m<n≤N

1
|xm − xn|

(11)

Show that
(
V, H2(R3N)

)
∈ L[H(N)] is infinitesimally bounded with respect

(
∑N

n=1 −∆n, H2(R3N)
)
.

Solution. Eq. (3) together with an estimate analogous to Eq. (6) implies that for every ψ ∈ H2(R3N)
and every n, m ∈ {1, . . . , N}, n ̸= m, one has∫

R3N
|xn − xm|−2|ψ(x1, . . . , xN)|2 dx =

∫
R3(N−1)

∫
R3

|xn − xm|−2|ψ(x1, . . . , xN)|2 dxn d3(N−1)x

≤ (a(E)∥ − ∆nψ∥L2 + b(E)∥ψ∥L2)
2 ,

(12)
where a(E) = CE−1/2 + E−1, b(E) = CE1/2 + 1. Equation (12) then implies

∥Vψ∥L2 ≤ 1
2
(N − 1)a(E)

N

∑
n=1

∥ − ∆nψ∥L2 +
1
2

N(N − 1)b(E)∥ψ∥L2 . (13)

Finally, combining Eqs. (13) and (9), we obtain

∥Vψ∥L2 ≤ 1
2
(N − 1)N1/2a(E)

∥∥∥∥∥ N

∑
n=1

−∆nψ

∥∥∥∥∥
L2

+
1
2

N(N − 1)b(E)∥ψ∥L2 . (14)

Exercise 3.4 ( 6 )
Show that

(
HN(Z, R), H2(R3N)

)
∈ L[H(N)] is a semibounded self-adjoint operator, where

HN(Z, R) :=
N

∑
n=1

(
− ∆n −

K

∑
k=1

Zk

|xn − Rk|

)
+ ∑

1≤m<n≤N

1
|xm − xn|

. (15)

Solution. Eqs. (10) and (14) imply that for every ψ ∈ H2(R3N),

∥(UZ,R + V)ψ∥ ≤ ∥UZ,Rψ∥+ ∥Vψ∥

≤ a(E)N1/2
(

Σ(Z) +
1
2
(N − 1)

)∥∥∥∥∥ N

∑
n=1

−∆nψ

∥∥∥∥∥
L2

+ b(E)N
(

Σ(Z) +
1
2
(N − 1)

)
∥ψ∥L2 ,

(16)

where
a(E) = CE−1/2 + E−1, b(E) = CE1/2 + 1, E > 0.

Therefore, UZ,R + V is an infinitesimal perturbation of(
N

∑
n=1

−∆n, H2(R3N)

)
.

The conclusion then follows from the Kato–Rellich theorem.


