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Exercise 2.1 (3 + 3)
Let (H, (- | -)) be a separable, infinite-dimensional complex Hilbert space with orthonormal bases
By :={¢n} 1. B :={¢u}; € H,andlet A € B(7) be a bounded operator on .

(a) Show that

IAlIE, == Y lAgul> <o = [A]},:= Zl [Aga]? < oo,
n=

n=1

and that in this case
A, = [|All5,-

(b) Let the set of Hilbert-Schmidt operators on H be defined by

L2(H) = {A € B(H) | | Alls, < oo}

Show that
(L2(H), (| ) 2)

is a separable, infinite-dimensional complex Hilbert space, where
VABELX(H): (A|B)p Z (Agy | Bon)n

Solution.

(a) Let us first show that || Al|p, < oo implies ||A*||p, < oo. Since {¢,} is an orthonormal basis, for all
@ € H one has

o> =Y [{om | @) (1)
m=1

Using Eq. (I), one obtains

Z 1A @all> =Y Y Hom | A0u)P =Y Y om | A*pu)|?
n=1m=1 n=1m=1
=YY o | Apu)> = Y Y on | Apu)|? )
n=1m=1 m=1n=1
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(b)

This proves the claim. Moreover, note that || A||g, = ||A*||,. Using Eq. (I), one obtains

Y [ Ayl* = Z Z (@ | AP =3 Y (o | Avpn)|?
n=1

n=1m= n=1m=1

=Y Ll AP = 1 X [(yu | A"gu)? 3)
n=1m=1 m=1n=1

=) A ul
m=1

Egs. (@) and (@) imply the result.

Let us fix an orthonormal basis {¢, } ;. Let A, B € L>(H). Applying the Cauchy-Schwarz ine-
quality to the sequences {||A@, ||} and {||Bg,||} (which belong to £2(IN)), one obtains

Z [A@ull [1Bonll < [[All c230) lIBll c2(34)- )

Since

I(A+B)@ull* = | A@ull* + (Agn, Bou) + (Bon, Apu) + || Boull?,
using the Cauchy—Schwarz inequality and Eq. (@), one obtains

Z [(A+B)gul* < Z 1A@n|® + 2| Agull [ Boal + | Boall? )
n=1 n=1

< ARagrg + 2 All o0 1B 2 + B2
Eq. (§) implies that A + B € L£2?(H). Clearly, £?(H) is closed under scalar multiplication and
0 € L2(H). Therefore, £2(H) is a vector subspace of B(H).
Moreover, if ¢ € H and A € L2(H), then

1AQI? =} [{gn | Ap)? =} (A 0u | )2 < [l 3o 1A% @ull® = | Al 7230 Il
n=1 n=1 n=1
Hence,
1Al By < [1All22(2)- (7)
Eq. @) also implies
Y 1(Agu | Bou) < 3 11 Agul 1Beall < 114l 2ty 1Bl 2y < . ®)
n=1 n=1
Thus, the inner product (- | )2 is well defined. Tt is clearly sesquilinear, positive definite,

conjugate symmetric, and non-degenerate.

It remains to show that (L2(H), || - || 2(#)) is complete. Let {A;}7”_; be a Cauchy sequence in
L2(H). Eq. (1) implies that { A, }%°_, is also a Cauchy sequence in B(H). Since B(H) is complete,
there exists A € B(H) such that

lim [[A, — Allgz) = 0. 9



In particular, for all ¢ € H,
Ap = lim A, ¢. (10)

n—00

We now show that A € £2(#) and that || A, — A[| z23) — 0. Since { A}, is a Cauchy sequence,
it is bounded; hence,

sup [[Anll z2(3) < o0 (11)
nelN

By Fatou’s lemma,
Y [ Agil? = Y lim [ Augil? < limin Y [Augil® < sup | A2y <o (12)
k=1 k=1 k=1 neN

Hence, A € L2(H).

Again by Fatou’s lemma,

14— AnlBaiy = X 1A= AgplP = 3 lim [1(An — An)gy |
p=1 p=1
< liminf Z [(Am — An)(PPHZ 4
m—o0 pzl

Therefore, || Ay — Al g2(3) — 0, and (L*(H), || - || z2()) is complete.

Exercise 2.2 (3 +3 + 3)
Let (H, (-|-)3) be a separable, infinite-dimensional complex Hilbert space, and let j : H — H* be defined

by ¢ = j[i], where j[¢](¢) = (¢|g) forall ¢ € H.

(a) Show that (H*, (+|-)3) with
(Glallil2]) e == (Pa2lp1)n

is a complex Hilbert space and that j : H — H* is an anti-unitary isomorphism.

(b) Show that
(L2(H), () 2)

is isomorphic as a Hilbert space to

(HoH", (| )nen)

where the inner product on H ® H* is defined by linear, continuous extension of

(@1 @Y1 | 2@ P2)uenr = (Q1]92)2 - (P1]P2) 2+

(c) Let H := L?(IR®) and a : R3 x R® — C be a measurable function. Define

[Ag](x) := /ﬂ(x,y) ¢(y)d’y, ¢€D.

Show that
AcL?(H) < acl*R®xR®,

and in this case
||AH£2(H) = HQHLZ(]R?’X]W)'



Solution.

(a)

(b)

Let us show that j is an isomorphism. If j[/1] = 0, then
171> = (k| h) = j] (h) = 0. (14)

Hence h = 0, which proves that j is injective.

Let ¢ € H*. By the Riesz representation theorem, there exists 1 € H such that ¢(f) = (h | f).
Then j[h](f) = (h | f) = @(f), which implies j[i] = ¢. Thus, j is surjective. It is clear that j is
linear, hence j is an isomorphism.

It is easy to see from the definition that the inner product is conjugate symmetric, sesquilinear, and
positive definite. Moreover, since j is an isomorphism, the inner product is non-degenerate. Using

that
7]l = IRl (15)

and that j is an isomorphism, it follows that (H*, (- | -)3) is complete. By definition of the inner
product, one obtains

G LU D = T w = (B | fHn (16)
Forall (h, ¢) € H x H*, define the linear operator B(h, ¢) by

B(h,¢): " —H,  B(ho)f =¢(f)h
For all f € H one has

[B(h, @) f1l = llo(H)RIL < lIRI @ lHIA- a7
Thus, B(h, @) € B(H) is bounded and || B(h, ¢)||op < ||| || @]
Moreover, for an orthonormal basis {1, } of H one has

[ee]

Y IB(h, @)ha||* = Z | () P11 = {172 ZI Gl )2 = I[P @l*. (8)

n=1

Hence B(h, ¢) € L2(H).
Moreover, if h, f € H and ¢, € H*, then

[ee]

(B(09) | B, ) 2 = 3 (B0 9V | BUS )y <h|f>§qo<hn>¢<hn>

= 011 Y 00) | 915l | i) e "
= (1] F)nle [ $)nr
Consider the bilinear map
B:HxH" = L2H), (h o) B(h o). (20)
By the universal property of the (algebraic) tensor product, there exists a linear map
T H g H* — L2(H) 1)

such that T(h ®,15 @) = B(h, ¢), where H ®,, H* denotes the tensor product as a vector space.



Moreover, if v = }; Ajhj @qg @jand w =Y Bifi @aig i, then
(T(o) | T(w Z)‘.B (hj, i) | B(fi, i) L2(H 2/\13 (hi | fi) (@i | i)

(22)
= wa hi@ei| fi®p) = (0] wmw.
L]

Thus, T is continuous and admits a continuous extension to H ® H*. Denote this extension by
T:HOH — L2(H). (23)
Eq. (22) implies that
(To | Tw) gy = (v | W) now, vweHOH" (24)

In particular, T is an isometry, hence injective. It remains to show that T is surjective.

Let A € L£?(H) be a Hilbert—Schmidt operator and let {1, }°_; be an orthonormal basis of . Define

v::]iAhk®j[hk] eHOM. (25)
This series converges since
Z | Al  jy] 1> = ZHAthZ— |Al|Z2 () < oo (26)
Moreover, for all f € H,
T(0)f = ki T(Ahe  jlin)) f = ki B(Ah, i) f
= 30 Al = 30| £) Al @)
i (e | fYe = Af.

Thus, T is surjective, hence an isomorphism of Hilbert spaces.

= Let N be a null set such that for all x € R\ N one has

ax € L*(R?), (28)
where
ax(y) = a(x,y). (29)
Fix x € R3\ N. Since a, € L*(IR?) and {¢, } is an orthonormal basis, one has
lax]|72 gy = Y [{@n [ @)%, (30)
n=1

where

(ouax) = [ alxy)puly)dy = (ATl () G



By the monotone convergence theorem,

Yl AgalE = [ Y 1A ()P dx = [ Y lg | ax)Pdx
n=1 R =1 RY =1

:/]R3 y|ax||§2dx:A3AS\a(x,y)|2dydx.

Since A € L2(H), it follows that 2 € L2(R3 x R3).

< Ifa € L?(R® x IR3), then by Fubini’s theorem a, € L?(IR®) fora.e.x € IR®. Holder’s inequality
implies that for all ¢ € L2(R%),

(32)

[Ag](x)]| < /}RB la(x, )W)l dy < llaxll 2] @]l 2. (33)
Using Eq. (33)), one obtains
[ A1) P < a2 g0k 9l e (34)

Thus, A is bounded. Moreover, Eq. (32) implies that A € £?(H) and

[All 20 = llall 2 (roxms)-

Exercise 2.3 (3 +3 +3)
Let (H, (-|)3) be a separable, infinite-dimensional complex Hilbert space.

(a) Prove that £2(H) C Com(H) holds.

(b) Let H := L?(R%) and V € L2(R?) with d € {1,2,3}. Compute the integral kernel a of A :=
V(=A+1)"':H — H and show that A € L2(H).

(¢) Deduce that 0ess(—A + V) = R

Solutions

(a) Let A € L2(H). We show that A is the limit of finite-range operators. Let { ¢, } be an orthonormal
basis of H, and consider the sequence of operators

n

Av:H—=H, Awp:=) (pc| Ap)pr, neN. (35)
k=1

By definition,
Ran(A,) = {¢@r:k=1,...,n}),

hence A, is a finite-range operator. Moreover,

00 n (¢S}
(A=An)e=) (o | Ap)gox — ) (x| Ap)gr =} (k| Ap)gx. (36)
k=1 k=1 k=n+1
Using Eq. (36) and the Cauchy—Schwarz inequality, one obtains
I(A=Anel>= 3 lex A} <llol* Y. A" ¢l (37)
k=n+1 k=n+1

This estimate, together with the fact that A* € £2(H ), implies

A - An“%g(y) < Z A i[> =0, n — oo,
k=n+1



(b) Let

(c)

F:LA(RY) — L*(RY)

denote the unitary extension of the Fourier transform. For all f € L2(IR?), one has

F(=A+1)'Ff=G-f, (38)
where G : R? — R is given by
1
G = —. 39
Note that for d = 1,2,3 one has G € L?>(R?). For f € L?(IRY), we write
V(-A+1) ' f =VFF(-A+1) ' F*Ff =VF (G- (Ff)). (40)
Since G € L?(R%), one has G - (Ff) € L1(R?), and thus F*(G - (Ff)) € L*(IR¥). Moreover,
WV(=A+1D) " flle < IVIIF(G - (FH)lles < VNGl £l 2 (41)
Hence, V(—A + 1) ! is a bounded operator.
Moreover, for all f, ¢ € L?>(IR?) one has the general identity
Fr(fg) = F7(f) x I (g)- (42)

Indeed, consider the maps
Ti, To : LA(RY) x LA(RY) — L%(RY), Ti(f,8) = f*g Ta(f,8) = F*(F(f)F(g)

Both T; and T; are continuous, and by the convolution theorem they coincide on the dense subspace
S(R?) x S(RY). Hence Ty = Ty, which proves [@#2).

Using Egs. and (@2)), one obtains
(V(=A+ 1) f)(x) = V() ((F'G) = f)(x) = /}Rd VIO(FG)(x—y)f(y)dy. 43

Thus, V(—A + 1)1 is an integral operator with kernel

a(x,y) = V(x)(FG)(x —y).
Since G € L?(R%), one has

L [ aGPaxdy = [ VR [ 1(FG)w)Pay = [VIEIGI: <. @
Hence V(—A+1)"1 € L2(H).

By parts (a) and (b), one has V(—A +1)~' € Com(H). Moreover, H*(R?) C Dy. Indeed, if
f € H?(R?), then WF f € L?(IR?) where W(x) = 1+ ||x||*. Since W=t € L2(R?) ford = 1,2,3,
one has

Ff =W (WFf) e L'(RY).
Hence f = F*(Ff) € L*(IR?). Therefore,
H*(R?) c L®(RY) C Dy.
Since V : R? — R is symmetric, Theorem IIL.8 in the notes implies

[0,00) = Opss(—A) = Oess(—A+ V). (45)



