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Exercise 2.1 (3 + 3)
Let (H, (- | -)) be a separable, infinite-dimensional complex Hilbert space with orthonormal bases
By :={¢n} 1. B :={¢u}; € H,andlet A € B(7) be a bounded operator on .

(a) Show that
A[IE, = Y 1Agul> <00 <= |A[, = Z [ Apu|? < oo,
n=1

and that in this case
A, = [|All5,-

(b) Let the set of Hilbert-Schmidt operators on H be defined by

L2(H) = {A € B(H) | | Alls, < oo}

Show that
(L2(H), (| ) 2)

is a separable, infinite-dimensional complex Hilbert space, where
VABELX(H): (A|B)p Z (Agy | Bon)n

Exercise 2.2 (3 +3 + 3)
Let (#, (+|-)7) be a separable, infinite-dimensional complex Hilbert space, and let j : H — H* be defined

by ¢ = j[y], where j[y](¢) = (¢|¢) forall ¢ € H.

(a) Show that (H*, (+|-)3~) with
Gl ae == (@alpr)u

is a complex Hilbert space and that j : H — H* is an anti-unitary isomorphism.

(b) Show that
(L2(H), (1) 2)

is isomorphic as a Hilbert space to

(HH", ([ )non)

where the inner product on H ® H* is defined by linear, continuous extension of

(@1 @91 | 92 @ P2)pens = (@1]92) % - (Y1]2)n-



(c) Let H := L?(R®) and a : R® x R® — C be a measurable function. Define
49)(x) 1= [alx,y) o) @y, €,
and show that
Ac L H) < acL*(R®xR®,
and in this case

1Al z20) = llall 2 (roxms)-

Exercise 2.3 (3 +3 + 3)
Let (4, (:|-)#) be a separable, infinite-dimensional complex Hilbert space.

(a) Prove that £2(H) C Com(H) holds.

(b) Let H := L?(R%) and V € L2(R?) with d € {1,2,3}. Compute the integral kernel a of A :=
V(—=A+1)"':H — H and show that A € L>(H).

(c) Deduce that 0ess(—A + V) = ]Rar )



