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Aufgabe 9.1 (6)
Sei
M :={(a,b,c,d) € R* | ad — bc = 1}.

Zeigen Sie, dass M eine Untermannigfaltigkeit von IR* ist und dass M parallelisierbar ist.
Solution. Consider the smooth map
[:R*> R, F(a,b,c,d) = ad — bc — 1.

Then,
M = F1(0).

For any (a,b,c,d) € M, the jacobian of F at (a,b, c,d) is given by
]F(al b/ c, d) = (d/ —C, —b,ﬂ),

which is nonzero at every point of M. Hence Jr(a,b,c,d ) is surjective, and then M is a smooth submanifold
of R* of dimension 3.
Moreover, for each (a,b,¢,d) € M,

KerJp(a,b,c,d) = {v € R*: ((d,—c, —b,a),0)eua = 0}.
Therefore, the tangent bundle of M can be identified as
TM = {((a,b,c,d),v) € M x R*: ((d, —c, —b,a),0)eus = 0}.
To show that M is parallelizable, it suffices to construct three smooth vector fields
X1, X2, X3 € TY[M]

such that {V1(q), V2(q), V3(q) } is linearly independent for every ¢ € M where X;(q) = (g, Vi(q)).
Define X1, X, X3 : M — T[M] by

Xi(a,b,c,d) = ((a,b,c,d),(b,0,d,0)),
Xa(a,b,¢,d) = ((a,b,¢,d),(0,a,0,c)),
X3(a,b,c,d) = ((a,b,¢,d),(—a,b,—c,d)).

A direct computation shows that each of these vectors, lies in KerJr(a, b, ¢, d), hence X3, Xp, X3 € Tf [M].
We now verify pointwise linear independence. Suppose that

A1(b,0,d,0) + A2(0,a,0,¢) + As(—a,b,—c,d) =0
for some Aq, Ay, A3 € R. Considering the second and fourth components, we obtain

Aya+ Azb =0, Ayc+ Azd =0,



or equivalently,
a b )\2 . 0
(€0 (2)=0)

det(tZ Z) =qad —bc =1,

it follows that A, = A3 = 0. The remaining components then give

Since

AMb = Ad = 0.

If b = d = 0, then ad — bc = 0, which contradicts the defining condition of M. Hence A1 = 0, and the
vectors are linearly independent.
Therefore, { X7, X2, X3} defines a global frame for T[M], and M is parallelizable.

Aufgabe 9.2 (3 +3)
Seien M, N Mannigfaltigkeiten und f : M — N ein Diffeomorphismus.
(a) Fir p € N definieren wir
fi TSN = Tia ML fi(08l) = (g0 fli g,
Zeigen Sie, dass f; wohldefiniert ist und einen linearen Isomorphismus darstellt.

(b) Sei
fOTNI = T ML f(p(sly) = (FH (), £ (8]))-

Zeigen Sie, dass f* ein Diffeomorphismus ist.

Solution.

(a) (}Ilonsider 8,8 € T;[N] such that [g]5; = [g]}. Then there exists a chart ¢ = (U, x) with p € U such
that

Jgox1(x(P)) = Jzox1(x(p))- (1
Let ¢ = (V,y) be a chart of M such that f~1(p) € Vand V C f~1(U). Then Eq. () implies

]gofoy*l(y(f_l(p))) :]goxfloxofoy ( (f (P)))
= Jgox1 (X(P) Jxofoy1 ((f ' (P)))
(

! @)
= Jgor1(x(P)) Jxogoy1 (W (f(P)))
= Jgopoy 1 (W(f 1 (P)))-
Therefore,
[801[];71(;;) = [gof];,l( )
and hence f, is well defined.
Now consider the linear isomorphisms
Oy : TyIN]" = R",  0y,[8]) = Jgor1(x(p)), 3)

and
O 1) T M = RY, O 1 (1510 = oy 1 (W(F T (P)))- e



(b)

Equation (2)) implies

1 f5 (815) = Jgopoy 1 (W(F T (P))) = 05,1815 Trogey1 (¥(f T (P)))- )

Thus,
fy = (05 1) 0 R(Jyopoy 1 (W(f1(P)))) © O, (6)
where

R(Jxofoy 1 ((f71(p)))) : R" = R

denotes right multiplication by the matrix oo, -1(y(f ' (p))). Since f; is a composition of iso-
morphisms, it is itself an isomorphism.

The inverse of f* is given by
(7T M = TNL ()7, [8l) = (F(a), (f7 )~ ((817))-
We now show that £* is smooth. Let po € N and consider
(o, [g0lp,) € T*[N],  f*(po,[g0l},) € T*[M].

Choose charts ¢ = (U,x) of N and ¢y = (V,y) of M such that py € U, f~(pg) € V, and
V C f~1(U). Consider the induced charts

O : TH U] — x(U) xR, Oy(p, [gl,) = (x(p), Oy,,18],), (M
and

Oy T [V] = y(V) xR",  ©y(q,[8l;) = (y(q),©y,[8]7)- ®
Define the map
F:x(f(V))xR" = y(V) xR",  F(a,0) = (yof lox ' (a), v]wpoy1(yof ox"'(a))),
which is smooth. For (p, [¢]}) € T*[f(V)] C T*[U], we have

Oy o f (p.[8ly) = 03 (f H(p) f5(8])) = (o £ (p) 0 iy fr([8]p)- O
On the other hand,
Fo®,(p,[g]y) = F(x(p), ©,[8],)
(y “(p), ®¢p[ I Txofoy1(Wo f1(p))) (10)

= (yo “(p), © 1(p)f;([8];)),

where the last equality follows from Eq. (6). Equations (9) and (I0) show that
@ 0 flru o (@) ' =F,

and hence f* is smooth. By a similar argument, (f*)~! is also smooth.



Aufhabe 9.3 (2 + 4)
Seien 5% = (S?, Tye1, A) die 2-Sphire mit 5% := {g € R®: ||g[leqa = 1} und ¢ = (U, x) € A eine
Karte von S2, wobei

sin(?) cos(«)
U=x1(0,7)x (—m,m) und x 1(da) := [ sin(d) sin(a) | .
(a) Berechnen Sie fiir jeden Punkt g € U die Basen

(b) Seien X,Y € T& [S?] zwei Vektorfelder mit X(g) = (g, X;).Y(q) = (q,Y;) und

(9 O () O _ (@ 9 () O
M= A e T g T G T

Berechne die Wirkung von
[X,Y] = Lx ] LY — Ly ] LX

auf C*(S%; R) fiir jeden Punkt g € U.

Solution.

(a) Consider g € U and write x(q) = (6(g),«(q)). Choose 6 > 0 such that
d0<B(g)<mt—96, —m+d<alg)<m—2.

Define the curves
M (=6,6) = U m(t):=x""(0(q) +talq)),
and
121 (=6,6) = U, b)) :==x1(6(q),a(q) + ).
Note that
71(0) = 72(0) = x~1(6(q), x(9)) = 4.

Hence, 71,72 € T,;[5?], and therefore 1], [72] € T,;[5?]. Moreover, for all t € (—6,5) one has

xom(t) = (6(q) +ta(q)),

which implies

®y,q[11] = (x071)'(0) = (1,0).
In the same manner,

Op,4[72] = (x©72)'(0) = (0,1).

Therefore, 5 5
[’)’1] - ®¢,q(el) - 89((]), [72] ®¢,q(62) aa(q)



Let p1,p2 : (0,71) X (=7, m) — R denote the projections onto the first and second coordinates,
respectively. Then, for all g € U,

pLOX, ppox € T; (M), [proxly, [p2ox]y € TS [M].
Moreover,

Opq([proxlg) = Jp (x(q)) = (1,0), Oy ([p2ox]y) = Jp(x(q)) = (0,1).

Therefore,
d0(q) = (©p,) 'er = [proxl;,  da(q) = (©},) 'er = [p201];. (11

(b) Let f € C®(S? R). Then

(Lxf)a) = D)%y
= XDy {flg505 + X4 Dol "
X022 (x(g) + X0 2X x(g)
Here we used
Dy[f) 35 = joe ©@pa@p3(e2) = Jrrn (x(1)e2 = LEE(x(9).
In a similar manner,
(P =L (wlg)) + L2 (apg) )
Therefore,
x(tuf)(a) = X0 PPL O o) 4 xS 0 g
- x{" a;/(j)( P2 et + L )
X0 (2 a2 g + L ) 19
0 () L2 ) + L )
X0 (25 ) 22 g+ B )



Similarly,
(@ 9Lxfox 1 (a)afoox_l
Ly(Lxf)(q) = Y, e (x(9)) + Yy o (x(9))
ox® 9 —1 2 1
_\(0) (9% fox fox ()
o ( 8x1 (X(q) 8x1 (x( 8x1ax1 Q))Xq )
ax 9 -1 92 1
(6) (985 fox fox («)
YO (G ) g (x@) + g ()XY
ax'? 9 1 2F oyl
(a) (9& 5 fox fox )
+Yq ( axz ( ( )) 8x1 ( axzaxl Q))Xq )
ox\@ 9 -1 2f o1
(a) (9851 fox fox (a)
Y (s (el g — (x@) + s (@)X
Consequently,
_ @®0f ox! (0f ox”!
X, Y]f(q) = [X, Y] P (x(q)) + X, Y], P (x(q)),
where (®) ©) ©) (®)
v = Daix | Mg Xnyo) 9%y
£ F) q ox, 1 oxp 1 ox, 17
and (@ ) (@ (@
) oY\ X\ X"
(a) x~1+(0) x~15(a) x~14(0) x~14 ()
XXy = ox1 X ox X ox1 Yq X2 Yq

Aufgabe 9.4 (2 +2+2)

Sei M eine n-dimensionale Mannigfaltigkeit mit Atlas A.

(a) Sei¢ = (U,x) € A. Fiir jedes q € U definieren wir

Opq: (THIM])* = R",  Bpq(9) = (9(Op4(e1)), .., (O 4(en))),

15)

(16)

A7

(18)

wobei {ey, ..., e, } die Standardbasis von R" bezeichnet. Zeigen Sie, dass @M ein linearer Isomor-

phismus ist.

(b) Fiirjedes ¢ = (U, x) € A betrachten wir die Menge

Tu) = J{a} < (T,[M))*

geud

sowie die Abbildung

O : TIUJ" — x(U) xR",  Op(q,¢) = (x(9),Oyp4(9))-

Zeigen Sie, dass die Menge

Trpy = {W C T[MJ*

eine Topologie auf

T[M]" == U {q} x (Ty[M])*
qgeM

(W N T[UJ*) © R offen ist fiiralle ¢ = (U, x) € A}



(c)

definiert und dass

Az = {(T[U]*,0y) : ¢ = (U, x) € A}
ein Atlas von T[M]* ist.
Betrachten Sie die Abbildung
@: T M| = TM]", (g, [f17) = (9. 4([f17)),

wobei @, : T [M] — (T;[M])* durch @4 ([f]7)([v]) = ([f], [7]) definiertist. Zeigen Sie, dass P
ein Diffeomorphismus ist.

Solution.

(a)

(b)

It is clear that @M is linear. Since
dim ((T;[M])*) = dim(T,[M]) = n,

to show that C:)(p,q is an isomorphism it suffices to prove that it is injective. Let ¢ € (T;[M])* be such
that ©¢ (@) = 0. Then, forall j € {1,...,n},

9(©,4(¢)) = 0. (19)

Since

d
=1r,\1. =
{Op4(ei) iz, {axj(v/) }]-_1 n

-----

is a basis of Tg[M], it follows that ¢([7]) = 0 for all [y] € Ty[M], and therefore ¢ = 0. Hence,
©y,q 1s injective and thus an isomorphism.

First, note that x : U — x(U) is a bijection (in fact, a homeomorphism), and for all ¢ € U the
map C:)(M is bijective (since it is an isomorphism). Therefore, the map C:)¢7 is bijective for every
¢ = (U, x) € Ap. Its inverse is given by

6," :x(U) xR" = T[U)*, O, (a,0) = (x'(a),(Opy1()) '0). (20)

» 0
We now show that Ty« is a topology. If W = &, then for all ¢ € Awm,
Op(@NTU]*) = Oy(D) =D € Tgan,
and hence @ € Trppy-. If W = T[M]*, then for all ¢ = (U, x),
Oy (TIM]* NT[U]*) = Op(T[U]*) = x(U) x R" € Tgan.
Let {Wa}aer C Typuy+- For any ¢ € Ap, using that O, is bijective,

Oy (U W, N T[U]*) = JOp(W. NTUJ*) € Trau. 1)

wel wel

ThllS, UaGI Wa S TT[M}*



Now assume W; € Ty« forj € {1,...,n}. Then,

O, | (YW nTU]* ﬂ (W;NTUJ*) € Tren. (22)
j=1 j=1

Hence, Ty is a topology.
We now verify that Ag(yq- is an atlas. Let ¢ = (U, x) and ¢ = (V,y) be elements of Ay with

UNV # @,andlet p € UNV.Fori € {1,...,n}, let ®l,bp(el) = [y] for some curve vy :
(—a,a) - U NV suchthat y(0) = pand (yo )’ (0) = ¢;. By definition and the chain rule,

Opp®y,(e1) = Opplr] = (x07)'(0) = (xoy oy o) (0) = Jyoy 1 (y(p))er.  (23)

Equation (23)) implies that, forall p e UNV,

0, p (e;) Z Jxoy1( @;/},(ej). (24)

Let v € R" and define ¢ = @;I},(v), so that go(@dj,},(ei)) = v;. Using the definition and Eq. (24),
we obtain

®¢1P®4:,17(U) = (:DIIJ,P(Q)) = ((P(Glz,;(el)% sy 4’(@1;;7 (en)))

. (25)
= Z(]xoy (y(p)>j,1/ R ]xoy*1 (]/(P))] ﬂ) (]xoy (y(p))TU)T'
j=1
Equations (23) and show that the transition map
Oy 00, : x(UNV) xR" = y(UNV) xR
is given by
Oy 00, (a,0) = (yox '(a), (Jyoy1 (yox ' (a)) 0)"), (26)

which is a diffeomorphism. Hence, the change of charts is smooth.

It remains to show that ®¢ is a homeomorphism. By definition, it is open: if W' C T[U]* is open,
then W' = W N T[U]* for some W € Tr(yy-, then from the definition of Ty it follows that

Op(W') = Op(WNTUJ*) € Tgan.

To prove continuity, let O € T2 with O C x(U) x R". We must show that (:)(;1 (0) € Trpmys-
Foryp = (V,y) € Awm,

Oy (T[V]* N 6,'(0)) =0y 06, (0N (x(UNV) x R")). (27)

IfUNV = @, the right-hand side is empty. If U NV # @, Eq. (26) shows that ®1p o @;1 is ahomeo-
morphism, and hence the image is open in IR?". In either case, Eq. (Z7) implies that @;1 (O) € LM+

Therefore, 6)4, is continuous, and since it is an open, continuous bijection, it is a homeomorphism.



(c) Let p € M and choose ¢ = (U, x) € Ay such that p € U. Consider the charts

Oy : TH U] — x(U) xR, Oy(q, [f]g) = (x(9), Jpox—1(x(q))), (28)

and

Oy : T[U" — x(U) xR",  Op(q,¢) = (x(q), Opq(p))- (29)
For any (g, [f]7) € T*[U],

= (x(9), ©p,g®4([f17)) 0)
= (x(q), (([f1;, ©pg(en)), - ([f15, @pglen))))
= (x(q), Jror1(x(9))) = ©y(a, [f]7)

Thus,
@4; o CD’ o (@;)71 = idx(U)x]R”/ @:; o q)fl’ 0®;! = idx(U)X]R”r

and both maps are smooth.



