Vektoranalysis

Wintersemester 25/26
Prof. Dr. Volker Bach
Vo"ﬂlff% : Dr. Gerardo Franco
wj& gt Technische M.Sc. Jakob Geisler
S % * Universitit
ﬁﬁ ”5’ Braunschweig

v, v
oﬂ/‘scﬁé

8. Ubungsblatt
Upload: 09.12.2025 )
Deadline: 16.12.2025, 11.30 Uhr (vor der Ubung).

Aufgabe 8.1 (3+3+2)

Sei M C R” eine m-dimensionale Untermannigfaltigkeit.
(a) Zeigen Sie, dass der Raum
T M] == {7'(0) e R" : v € Ty[M]}
ein m-dimensionaler Untervektorraum von IR” ist, und dass die Abbildung
Tp[M] — T, [M],
[7v] = 7' (0)

wohldefiniert ist und ein Isomorphismus darstellt.

(b) Zeigen Sie, dass die Menge
T [M] := {(p,v) e M xR" : v € T;"[M]} C R" x R"

eine Untermannigfaltigkeit der Dimension 2m ist.

(c) Zeigen Sie, dass die Abbildung
©: T[M] = T[M], @(p,[1]) = (p,7/(0)),

ein Diffeomorphismus ist.

Solution.
(a) Since M is a submanifold of IR", there exists a diffeomorphism
p:UCR'—-VCR"

such that
P(UNM) = (R" x {01)NV. (1)

We prove that for all p € U N M,
M) = Jp1(¢(p)) (R™ x {0}). (2)

Let v € T;X'[M]. Then there exists a curve 7y € C'((a,b), M) such that v(0) = p and 4/(0) = .
Since y(t) € M, Equation () implies

poy(t) = (cr(t),...,cm(t),0,...,0).

Therefore,



and hence
v =7"(0) = Jp1(¢(p))(c1(0),...,¢1,(0),0,...,0) € J,1(¢(p)) (R™ x {0}).

Conversely, letv € J,-1(¢(p))(IR™ x {0}). Then there exists w = (wy, ..., w,0,...,0) such that
v = Jyp-1(¢(p))w. Define the curve

(1) =9~ (tw +9(p)).
Equation (T)) implies that y(¢) € U N M. Moreover, y(0) = p and

This proves (). In particular, T;’Xt [M] is an m-dimensional vector space.

For the second part, consider the chart ¢ = (x, U N M), where x : U N M — R™ satisfies

¢lunm = (x,0)

Then
poy=(xo7,0),
and in particular,
(¢07)'(0) = ((x°7)(0),0).
If 7 ~ 7, then (x 0 )’ (0) = (x o 4)’(0), which implies
(907)(0) = (¢7)(0).

Consequently,

7'(0) = (97 0 po7)'(0) = Jp1(9(p)) (¢ 07)'(0) = 7(0).
This shows that the map is well defined.
Moreover, consider the linear isomorphism
Opp: Ty[M] = R",  Oy,ply] = (x07)(0).

Then
Ly[v] = Jp-1(¢(p))(@y,p[7], 0).
This above implies that L, is injective. Since both spaces have the same dimension, L, : T,[M] —
T3 [M] is a linear isomorphism.
(b) Let p € M and let
¢p: Uy CR" =V, CR"

be a diffeomorphism as in (I), with p € U,. Note that for every g € U, and every v = 9/(0) €
T [M], one has

T, ()7 (0) = (¢p 0 7)'(0) € R™ x {0} C R".

Consider the diffeomorphism

¥p: Uy xR =V, xR, ¥,(q,0) = (9p(9), Jp, (9)0)-



Then
Y, (U, x R") NT™M]) = (R™ x {0})NV,) x (R™ x {0}).

This shows that T***[M] is a submanifold of R" x R".
Moreover, an atlas for T**[M] is given by

Areapy = {11, = (U, x R") N T [M], yp) : p € M}, 3)

where the coordinate map y,, is defined by

yp(q,0) = (”m (¢p(q)), ”m(]¢p(‘1)v))~

Here
T R" = R", 7 (xq,...,%0) = (X1, .., Xm).

(c) Let (p,[y]) € T[M] and let
¢p: Uy CR" =V, CR"

be as in (), with p € Up,. Consider the chart ¢, = (U, N M, xp,), where ¢ |u,nm = (xp,0). Let
Oy, T[U, N M] — xp(Up " M) x R™, Oy, (a,[7]) = (xp(Q)r (xpo 7)/(0))

be the induced chart on T[M], and let 77, = ((Up x R") N T**[M], y,) be the chart of T**[M]
defined in ().

For (g, [v]) € T[U, N M], one has

)
), T ((¢p 0 7)'(0)))

Ypo @(q,[v]) = yp(q,7'(0)
= (nm (¢p(q)
= (xp(q), (xp 0 7)'(0))
= 0y, (4, [7])-
Therefore,
Ypo®|o ®¥,,1 = idy (u,nm) xR,
which is smooth.

The inverse of ® is given by
O T™M] = T[M], @ '(q,0) = (g,L;(0)).

Moreover,
Oy, © (@)~ Oy;l = idy, (u,nm) xR
Hence, @ : T[M] — T®*[M] is a diffeomorphism.

Aufgabe 8.2 ( 8)

Sei F : R"*™ — R™ eine glatte Funktion, sodass fiir alle p € F~1(0) die Jacobimatrix Jr(p) surjektiv
ist. Bezeichnen wir M = F~1(0), wodurch M eine Untermannigfaltigkeit wird. Zeigen Sie, dass

T M) = {(p,v) € M x R"™ : v € Ker(Jr(p))}.



Solution. Let p € M. We prove that
Ker(Jr(p)) = T;X[M], )

which together with the definiton of T¢**[M] will imply the desired.
Since F~1({0}) is a submanifold, for p € F~1({0}) there exists a diffeomorphism

¢:UCR"™ -V CR"™™

such that ¢(p) = 0 and
$(U N M) = (R" x {0}) N B,(0).

Note that for all x € IR" with |x| < 7, one has ¢! (x,0) € M = F~1(0), and thus
Fogplos(x)=0, |x| <7,
with s : R” — R"™™, s(x) = (x,0). Taking the derivative at 0 and using the chain rule we obtian

0 =Jr(p) Jp-1(0)Js(R") = Je(p) Jp-1(0) (IR x {0}),
which implies
Jo-1(0)(R™ x {0}) C Ker(Jr(p))-
Since
dim(Ker(Jr(p))) = n = dim(J,-1(0)(R" x {0})),
we conclude that
Jo-1(0)(R™ x {0}) = Ker(Jr(p))-
Finally, Eq. (2) implies

T M] = J51 (0) (R x {0}),

which completes the proof.

Aufgabe 8.3 (8)

Sei §* C R"*! die n-dimensionale Sphiire.

(a) Zeigen Sie, dass
TS ={ve R : p-v =0}

gilt und dass
T[S"] = {(p,v) €S" x R"":p.v =0}

(b) Zeigen Sie, dass fiir ungerades 7 eine glatte Abbildung
X:S" — T[S"]

existiert, sodass

n(X(p)) = p,
wobei 77 : T[S"] — S", m(p,[y]) = p die kanonische Projektion des Tangentialbiindels ist, und
sodass X (p) # O fiir alle p € S" gilt.

(c) Zeigen Sie, dass es einen Diffeomorphismus
®:S' xR — T[S!]

gibt, sodass 7T(P(p,t)) = pund @[,k : {p} xR — T,S! ein linearer Isomorphismus ist.



Solution

(a)

(b)

(©)

Consider the map
F:R"™ 5 R, F(x)=|x|*-1

Note that
Jr(p)v =2v-p.
For all p € F~1({0}), the Jacobian J¢(p) is surjective and

Ker(Je(p)) = {v €e R”"™ 1 v. p = 0}.

Moreover,

s" = F({0}).
By the previous exercise, we obtain
T[8"] = Ker(Jr(p)) = {v e R"" 0. p =0},

and therefore
T™S"] = {(p,v) €S" x R""!: p-v = 0}.

Since 7 is odd, n + 1 is even. Define the map
X : Si’l — TeXt[Si’l]’ X(p) = (p/ (pZ/ _pll p4/ _p3/ RN pn+l/ _pi’l))*
It is clear that X is smooth. Moreover,

p-(p2, —p1, Pa, —P3, -, Put1, —Pn) =0,

which implies that
(PZ/ _pl/ p4/ _p3/ teey p”"rl/ _p”) € TSXt[Sn]'

Hence, X(p) € T®[S"] for all p € S".
Furthermore,

(P2, =P1, Py =P3, - Pyt —pn) 70 forallp €S",
so X is a nowhere-vanishing section of T®[S"].

Finally, let @ : T[S"] — T®[S"] be the diffeomorphism defined in Exercise 1.c, and define
X:=d'oX.
Then X is a smooth, nowhere-vanishing vector field on 5",
Consider the map
O:S' xR — TS,  &(pt) = (p t(—p2, 1))
The map @ is smooth, and its inverse is given by
O TS S xR, @ p,v)=(p, (—p2p1) ),

which is also smooth. Hence, ® is a diffeomorphism.



Moreover, ® satisfies
m(®(p,t) = p,

and the restriction
Dl g P} xR — {p} x T[S = {p} x {v € R*: 0 p = 0}

qN)‘{p}X]R(t) = (p,t(—p2, p1)) is a linear isomorphism.
Finally, let ¥ : T[S!] — T®[S!] be the diffeomorphism defined in Exercise 1.c, and define
O:=¥Y'1od.

Then @ satisfies the desired properties.



