Chapter II. Bounded Linear Operators on Hilbert Spaces

Il. Bounded Linear Operators on
Hilbert Spaces

Il.1. Self-Adjoint, Normal, and Unitary Operators

In this section we collect some basic facts about the spectral theory of bounded linear operators
on Hilbert spaces. Note that any Hilbert space (7—[, -] >) is, in particular, a Banach space with

norm ||z|| = /(x|z). We recall from (I.8) that

B(H) = {A H—H ‘ Ais linear, [|Al[g) < oo }, (I.1)
where
| Az||
lAllsgo = sup {— = swp {4} = swp {|(ylAs)
zer\(oy U |zl meH,nmnzl{ ) x,yeH,||m|:|y|:1{‘ ‘}
(I1.2)

is the operator norm of A, where the last inequality follows from (1.30).

Fix A € B(H). For any y € H, the map ¢, (x) := (y|Az) defines a bounded linear functional
l, € H* with ||, ||3+ < ||yll - ||Allop- By the Riesz representation theorem I.10 there exists a
unique vector z, € H such that

Ve eH: (y|Az) = L,(z) = (z|x). (I1.3)

Definition IL.1. Let (#, (-|-)) be a complex Hilbert space and A € B(H) a bounded operator
on H.

(i) The map y +— 2z, =: A*(y), where 2z, € H is the unique vector in (IL.3), is linear and
defines a bounded operator A* € B(H) called the adjoint operator to A. This operator
is uniquely determined by

Ve,yeH: (y|Az) = (A%ylx). (I1.4)
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Chapter II. Bounded Linear Operators on Hilbert Spaces

(i) If A = A* then A is called self-adjoint.
(iii) If AA* = A* A then A is said to be normal.

(iv) A bounded operator A is called (bounded) invertible if there exists a bounded operator
A~! € B(H) such that AA~" = A~'A = 14. In this case the operator A~' € B(H)
is called the inverse of A. The set of bounded invertible operators on 4 form a group
with respect to composition, the automorphism group Aut(H) C B(H).

(v) The spectrum o(A) C C and the resolvent set p(A) C C of a bounded operator
A € B(H) are defined by

o(A) :={X € C|A— X1y is not bounded invertible } (IL.5)
p(A) :={X € C|A— -1y is bounded invertible } , (IL.6)

ie,p(A)=C\o(A).
(vi) A bounded invertible operator U € Aut(H) is called unitary if U~! = U*. The set of
unitary operators on  form a subgroup of Aut(?), the unitary group U (#H).

Il.2. Linear Operators on finite-dimensional Hilbert
Spaces

We first discuss the finite-dimensional case. Let d € N fixed and # = C¢ equipped with the
unitary scalar product (1.16).

e Ifd € N, {ey,...,eq} € H := Cis the canonical ONB, and A € B(C?) is a (bounded)
linear operator then

d d
A=13ALy = > lem)em Alea) el = D Apnlem)eal, (LT
m,n=1 m,n=1
where the matrix elements A,, , of A are given by A,,,, = (en,|Ae,).

e In the finite-dimensional case, the spectrum o(A) C C of A € B(C?) coincides with
the set of eigenvalues and these, in turn, with the zeroes of the characteristic polynomial,

o(A) ={A e C | Nisaneigenvalueof A} = {A € C | det[A—X-1] = 0}.
(IL.8)

Note that o(A) is a set of at most d numbers in the complex plane, and p(A) is the entire
complex plane except for these isolated points.

e In particular, (A*),,,, = A, i.e., A* = Af, for (finite-dimensional) matrices.

¢ If A = A* € B(CY is self-adjoint then A is diagonalizable, i.c., there exists an
ONB {p1,...,p04} C H := C? of eigenvectors and d corresponding eigenvalues

01-May-2025, Seite 14



Chapter II. Bounded Linear Operators on Hilbert Spaces

{A1,...,Aa} € C such that

d
A=) "Nle el (IL.9)
j=1

Moreover, all eigenvalues of a self-adjoint operator are real, o(A) C R.
e Furthermore, if A = A* € B(C?) is self-adjoint then

|Allop = max{|A| : A€ a(A)}. (I.10)

Indeed, if {¢1, ..., 94} € C?is an ONB of eigenvectors with corresponding eigenval-
ues {A1,..., A} = 0(A) C R such that

d
A =" Xle el (IL11)
j=1

then || Ag;|| = )|, forany j € Z{, and hence || Ao, = supj, =1 [|A¥]| > maxi<j<q|A;].
Conversely, if ¢, 1) € C? then

(] Ap)| < ZW\ |(les) (51)]

1/2

< (lrg%llx\jo (i }(@IMF)W (i }MWJ)F)

= ((max [\1) el 1] (IL12)

1<j<d

which implies that || A||,p, < max;<j<q|A;|-

* Note that here and henceforth we count multiplicities, i.e., the eigenvalues are not nec-
essarily distinct. For instance, the unit matrix (Lga)m,n = Om.n is self-adjoint, its eigen-
values are \; = ... = Ay = 1, and its spectrum consists of a single point o(1) = {1}.

* More generally, if K € Nand A; = A}, Ay = A3, ..., Ax = A} € B(C?) are mutually
commuting self-adjoint operators,

\V/k?,fE Z{( [Ak,Ag] = AkAg — AgAk =0, (II.13)

then A, A, ..., Ag are simultaneously diagonalizable. That is, there exists an ONB
{pili € 74} C C? of joint eigenvectors and K - d corresponding real eigenvalues
o(Ar) = {\x;l7 € 729} C R such that

d
A = Mejlop) (el (IL.14)

j=1
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e The latter statement (I.14) for X' = 2 implies that normal operators, i.e., those for
which AA* = A* A, are diagonalizable, too.

Namely, defining the real part Re(A) and the imaginary part Im(A) of an operator
A € B(H) by

Re(A) = -(A+ A*) and Im(A) := %(A—A*), (IL.15)

N | —

we observe that
A = Re(A) + iIm(A), (I.16)

much like z = Re(z) + iIm(z) for z € C with Re(z),Im(z) € R. It is easy to
check that the normality of A is equivalent to [Re(A), Im(A)] = 0. Hence, Re(A)
and Im(A) are simultaneously diagonalizable, and there exists an ONB {;|j € Z{} C
C? of joint eigenvectors and 2d real eigenvalues {ay, (1, ..., aq, B¢} € R such that
Re(A) = Z?Zl a; @) (¢;] and Im(A) = Z?Zl Bj|¢;){¢;|. Therefore, A is diagonal-
izable, namely,

d

A =) (a;+iB)) o)l (I1.17)

J=1

* An important class of normal operators, besides self-adjoint ones, are unitary operators
U € U(H), since UU* = 13 = U*U. It follows that unitary operators are diagonaliz-
able and that their spectra are contained in the unit circle, o(U) C {z € C: |z| =1}

o If A,,, = (en]Ae,) is the matrix representation of A with respect to the canonical
ONB {ey,...,eq4} C C? then the self-adjointness of A is equivalent to A, ,, = A, .
Its diagonalizability is equivalent to the existence of a unitary matrix U € U/ (C?) such
that

A=UDU, (IL18)

where D € B(CY) is a diagonal matrix,

)\1 0 0

Di; = (e|Dej) = 6;;);, < D = 0 A (IL.19)
P S ()
0 - 0 M\

Indeed, if U has the matrix representation U, ,, = (e;|Ue,,) then U, ,, := (p;|e,,) has the
desired properties.

The general form to which any operator on a finite-dimensional Hilbert space can be trans-
formed to is given by the singular value decomposition described in the following theorem.
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Theorem IL.2 (Singular Value Decomposition). Let d € N and (H = C%, (-|-) = (|')unit)
be the d-dimensional complex Hilbert space defined by the unitary scalar product and A €
B(H) a bounded operator on H. Then there exist ONB {f, ..., fa},{91,-..,94} C H and

nonnegative numbers py, . .., pg € Ry called singular values of A such that
d
= ou 1 fa) (gnl - (I1.20)
n=1
Equivalently, if A,,, = (em|Ae,) denote the matrix elements of A in the canonical ONB
{eq,...,eq} C H then there exist unitary matrices U,V € U(C?) such that
A=UDV, (I1.21)

where D € B(C?) is the diagonal matrix,

pi 0 - 0

p=|Y » - | (I1.22)
0
0 -+ 0 py

with py, ..., ps € Re.

I1.3. Positivity and Functional Calculus

Definition I3 (Functional Calculus). Let d € N and (% = C%, (-|-) = (-|)unit) be the d-
dimensional complex Hilbert space defined by the unitary scalar product, A = A* € B(H)
a self-adjoint operator on #H, and {p1,..., 04} € H an ONB of eigenvectors of A with
corresponding eigenvalues {\, ..., \¢} = 0(A) C R, such that

d
= > Nlea el (11.23)
j=1
If f € C(R; C) then define
d
= > FO) lea el (I1.24)
J=1

* It easy to check that f(A) defined by (I1.24) is normal.

o If f(z) = ap + yx + ... + ayaz® is a complex polynomial, cvg, a1, . . ., ay € C, then
f(A) defined by (I1.24) coincides with g + a; A + ... + ay AV,
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* Suppose that (a;)52, € CN0 is a complex sequence with lim sup,_, . |ax|*/* := 1/R <
oo and zg € C. Then the power series f(z) := >, ar(z — z)* converges absolutely
in D(z2p,R) := {2 € C: |z— 2| < R}. f 6(A) C D(zp, R) then f(A) defined by
(I1.24) coincides with the norm-convergent power series

Zak — )" (11.25)

* This way and with 2y = 0 and R = oo, we obtain many elementary functions of self-
adjoint operators A = A*, e.g., the matrix exponential function and many others,

< Ak

exp(A) = %, (I1.26)
k=0

‘ B 0 (_1)kA2k+1

sin(A) := 2 TS (I1.27)
oo -1 kAZk

cos(A) ==Y % (IL.28)
k=0 '

Egs. (I1.26)-(11.28) define bounded operators on H as norm-convergent power series.

Definition I1.4 (Positivity). Let (7—[, <|>) be a complex Hilbert space and A = A*, B = B* €
B(H) two self-adjoint operators on H.

(1) Aiscalled positive, A > 0 : < VoeH: (p|Ap) > 0. (I1.29)
(17) A>B :& A-B>0. (I1.30)
 Using the diagonal form
d
=D N leideil, (IL31)
j=1
one easily checks that
{A>0} & {064 CR{}. (I1.32)

e Hence, if f € C(RJ; R) and A is positive then f(A) can be defined by (I1.24).

* In particular, we have for positive A that

d
= > VA lea el (I1.33)
j=1

Aln(A Z)\ In(A;) @) (@;l (I1.34)
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where we use the convention that 0 In(0) = 0, which is consistent with the continuity
of lim,\ o{r In(r)} = 0atr = 0.

Next, let d € N and % = C¢ be the d-dimensional complex Hilbert space endowed with the
unitary scalar product and A € B(?) a bounded operator on H. According to Theorem I1.2,
there exist ONB { f1, ..., fa}, {91, ..., 94} C H and nonnegative numbers p1, pa, . .., pa > 0,
such that A assumes its singular value decomposition

d
= > pu 1 fa)gal. (IL35)
n=1
Then A* A is positive,
Z P P |Gm) ol fr) (9l an 19 (9] > 0, (I1.36)
m,n=1

which can also be seen directly, as (p|A*Ap) = (Ap|Ap) = ||Ap|| > 0. We can thus define
the absolute value | A| of A by (I1.33),

d d
Al == VATA =32 (92)(gnls = D pn|9n) (gnl - (I137)
n=1 n=1

Note that |A|* = \A| but [A*| = 520 pulfu) (fu| # |Al, in general. From these observations
and taking U := S_%_ | £,.)(gn|, we obtain the polar decomposition of A,

Theorem IL5 (Polar Decomposition). Let d € N and (H = C?, (-|-) = (-|-)unit) be the d-
dimensional complex Hilbert space defined by the unitary scalar product and A € B(H) a
bounded operator on ‘H. Then there exist a unitary operator U € U(H) such that

— U|Al (I1.38)

The right side of (11.38) is called the polar decomposition of A.

I1.4. Traces and Trace Norms

Definition IL6. Let d € N and (% = €% (-]) = (-|-)unit) be the d-dimensional complex
Hilbert space defined by the unitary scalar product, {¢1,...,ps} € H an ONB, and A €
B(H) a bounded operator on H.

(i) The trace Tr(A) of A is defined as

d
Tr(A) = Y (o] Agj) . (11.39)

j=1
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(ii) For p € [1, 00) define the trace norm || A||, of A by
14, = [Tr(JAP)]"". (I1.40)

Remarks and Examples.

* The trace Tr(A) of A € B(H) is well-defined, i.e., independent of the choice of
the ONB {¢1,..., 04} € H. Indeed, if {fi,..., fs} € H is any ONB and A =

SN i 1) (f;] then

d d
= > ai; (filf) = Zam = Z FilAL) (IL.41)

ij=1
independent of the choice of the ONB { f1, ..., f4} in H.

o If {\,..., Aq} C C are the zeros of the characteristic polynomial y(\) = det[A — X -
1] = (A1 — A) -+ - (Mg — A) (counting multiplicities), then Tr(A) = A\; + ...+ Ay is the
sum of these zeroes. Indeed, it is easy to check that Tr(A) = —ag_1 = A1 + ... + Ag,
when writing Y(\) = ag + ... + ag_ AT+ A

e If p1 > py > -+ > pyg > 0 are the eigenvalues of |A|, then || A||, = (EnNzlpg)l/p.

e If py > ps>--->pg > 0and A # 0 then p; > 0. If furthermore 1 < ¢ < p < oo then

Al = 30 ppz(”") <ppz(p“) Al

n=1

Theorem IL7. Let (1 = C%, (-|) = (:|")unit) be a finite-dimensional complex Hilbert space
and A, B € B(H) two linear operators on H.

(@) [[ABlx < [|Allop - IB]l1; (IL.43)
(i) ||Allop = sup{Tr(AB) | B € L' (H), |Blli =1} . (11.44)
(iii)) A=A = |Allop = sup{Tr(pA) |p € DM(H)}, (11.45)
where
DM(H) == {peL'(H)|p=p">0, Tr(p) =1} C L'(H) (IL.46)

is the convex subset of density matrices.

I.5. Tensor Products of Hilbert Spaces

In this section we define tensor products of Hilbert spaces and observe some basic facts about
these. To this end we suppose that (7, (-|-)) and (H/, (-|-)') are two (separable, complex)
Hilbert spaces. For f € H and f' € H' we defineamap f @ f': H x H' — C by

VheH, W eH : (f® f)[h, ] = (hf) (K|f). (I1.47)
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Obviously, f ® fis a bi-antilinear form,
(fef)lg+ahg +pl] =(f@f)lgd] +a(f®f)hg]+ B(f@[)gN
+aB(fef)hh]. (I1.48)

With these bi-antilinear forms we build a complex vector space Gg, by the usual pointwise
operations,

(Ffof+alged)hh] = (fo )] + alg®d)hh]. (11.49)

This vector space contains all (finite) linear combinations of bilinear forms f ® f,

L
~{Saen
j=1
We define a quadratic form (-|-)¢ : Gsn X Gan — C by continuation by antilinearity of

(feflgwd = (flg) (fld), (IL51)

LEN,VjeZr: a;€C, fj €H, fj’.e%’}. (IL.50)

1.e.,

) = w1
g

ij=1

<Z%fz’®fz'/

Lemma IL.8. The quadratic form (-|-)g : Ggn X Gan — C as in (IL.51) defines a scalar product
on Gn.

Proof. Sesquilinearity and symmetry of (-|-)¢ are trivial, and we concentrate on its positive
definiteness. Let {¢x}72; € H and {¢;}2; € H' be two ONB and assume that ¥ =

S a(f; @ f1) € Gan. Then

(V| T)g = ZW] L) CFLEY Z ZWJ (filow) (oul £33 (£l (Ul £

i,7=1 kl=114,7=1
= > Zaj £ ® £)lex, #l] Z Wlew, ]| (IL.53)
k=11 j=1 ki f=1
This proves that (U|¥)g > 0. Moreover, (U|W)g; = 0 implies that U[py, @] = 0, for all
k,¢ € N. Since {p;}22, € H and {¢;,}72, C H' are ONB, this in turn yields ¥ = 0. O

Definition IL9. Suppose that (%, (-|-)) and (H’, (-|-)’) are two separable, complex Hilbert
spaces. Define Gy, as in (I1.50) and equip it with the scalar product (-|-)g : Gsn X Gan — C as
in (IL51). We define a separable, complex Hilbert space (G, (-|-)g) as the completion

G = Gan'? (IL.54)

of Gg, with respect to the norm induced by (-|-)g. The Hilbert space G is called the tensor
product of # and H', and we write G =: H ® H' and (-|-)g =: {*|*) nen’-
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Remarks and Examples.
o If {}22, C Hand {g}}32, C H' are ONB then so is {¢}, ® ©}}%_, CH @ H'.

* Definition I1.9 can be easily generalized to N € N factors: If (#,, (-|),,) is a Hilbert
space with an ONB {p,,.x}32, C H,, , forn € ZY, then H; ® --- ® Hy is the tensor
product of Hy, ..., H and {apl;kl ® D PNy } ki,...,ky € ]N} CHIi® --QHN
is an ONB.

* Assume that (7, (-|-)) is a separable, complex Hilbert space. Then the space £*(H) of
Hilbert-Schmidt operators on H is a Hilbert space (52(7{), (-|") Ez(H)) with respect to
the scalar product

(A|B) 23y = Try(A*B). (IL.55)

* Assume that (7—[, (|)) is a separable, complex Hilbert space. Then the Hilbert space
(L2(H), (|- c2(3)) of Hilbert-Schmidt operators is isomorphic to (H Q@ H*, (-[-)ren+).
the isomorphism being

J: L2H) = HOMH, [ = o@¢. (IL56)

o If (Q,2, 1) and (', 2, 1i') are two measure spaces then L*(Q x ', dp ® dy') is iso-
morphic to L*(Q, du) @ L*(Q, dyu’). The isomorphism I : L*(Q, dp) @ L*(SY, dy') —
L*(2 x Q' dpu ® dy') derives from the extension by linearity and continuity of

e@¢ = -y, where (p-¢)[z,2] = p(x) ¢(af). (11.57)

1.6. SUPPLEMENTARY MATERIAL

1.6.1. Proof of Theorem Il.2 - Singular Value Decomposition

Proof. We only prove (I1.20). We may assume that A # 0. Observe that A*A € B(H)
is a self-adjoint matrix and, hence, diagonalizable. In other words, there exists an ONB
{91, .,94} € H of eigenvectors of A*A and corresponding real eigenvalues \{,..., \; € R
such that

d
AA =) Nlgiail- (IL58)
j=1

Note that the eigenvalues \; = (g;|A*Ag;) = ||Ag;||> > 0 are nonnegative, and we may
define p; € Ry by p; := \/A; = ||Ag;||. Moreover, we may assume w.l.o.g. these numbers
to be sorted in descending order such that p; > ... > p. > pey1 = ... = pg = 0, for some
c € 7. Hence, Ker(A) = span{g..1, . . ., g4} and dim Ker(A) = d — c.
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Next, by (1.26),
d . .
A= Ag) gl = D 1Agi gl = > i 1) (gl (I1.59)
Jj=1 j=1 j=1

where f; := p; ' Ag;, for j € 75, using that p; > 0 in this case. Then fy, fo, ..., f. € H are
normalized, by definition, and for all 1 < m < n < ¢ we observe that

<Agm‘Agn> <gm‘A*Agn> Pn <gm‘9n>

(fmlfn) = = = = 0. (11.60)
It follows that { f1, fo, ..., fc} € H is an orthonormal system which we can complement (e.g.,
using the Gram-Schmidt orthonormalization procedure) with vectors f.,1, ..., f4 to an ONB
{f1, fa,---, fa} € H. Using that p.,; = ... = pg = 0, we finally obtain
c d
A= i gl = D e 1) gl (IL.61)
j=1 J=1
as asserted. L

11.6.2. Proof of Theorem II.5 - Polar Decomposition

Proof. Let{f1,..., fa},{91,.--,94} € H be ONB and py, p, ..., ps > 0 nonnegative num-
bers of a polar decomposition of

d
A= pulfa)gnl, (IL62)
n=1
which exists according to Theorem II.2. We define
d
U = |fa)gnl (IL63)
n=1
and observe that U* = 22:1 |gn) (fn]. Thus
d d
UU = > Agm)Fml fa)gal = D lgn)lonl = 1, (IL.64)
m,n=1 n=1
and similary UU* = 1, so U is unitary. Moreover,
d d
UAl = 3" palfu){Gmlga)(gal = D pulfa)loal = A, (IL65)
m,n=1 n=1
as asserted. U
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11.6.3. Compact Operators, Trace Class Operators,
Hilbert—-Schmidt Operators

In this section we pass to infinite-dimensional Hilbert spaces, but we will restrict ourselves
to compact operators, which are well-approximated by matrices (as opposed to the identity
operator 14, on ‘H or differential operators like —:V, say).

Definition IL1.10. Suppose that (7, (-|-)) is a (separable, complex) Hilbert space.

(i) We define by
N

Ban(H) = { > aii 1£)(f]

1,j=1

ij=1 =

N e N, {a/i,j}N CC, {fi}kL, c 7'[} C B(H)

(IL.66)
the space of linear operators (on ) of finite rank.
(ii) The closure of Bg,(H) C B(H) in operator norm,
Com(H) = Bum(H) ' C B(#H), (IL67)

defines the space of compact operators (on H).

Remarks and Examples.

* The rank rk(A) of an operator A € B(H) is defined to be the dimension of its range,
rk(A) := dim[Ran(A)] € Ny U {oo}.

* It follows that B, (H) = {A € B(H)| rk(A) + rk(A*) < oo}.

* The set of finite-rank operators Bg, (7) is a subspace of B(#H) which is not closed in the
operator norm topology. Its closure is the space of compact operators Com(H). That
is, A € B(H) is compact iff for any £ > 0 there are N € N, {a;;}};,_; € C, and
{ i}, C H such that

< e. (IL.68)

HA =S 1

i,j=1

op

* Its closure, the set of compact operators Com(7), is a closed subspace of the Banach
space (B(H), | - |lop)- and, hence, a Banach (sub-)space (Com (), || - |lop) itself. This
Banach subspace Com () C B(#) cannot, however, be complemented by another
closed subspace X C B(H), such that B(H) = Com(H) @ X.

* Since this holds true for finite-rank operators, it follows that every compact operator
A € Com(H) possesses a singular value decomposition (SVD), i.c., there exist ONB
{fu}e,{gn}22, C H and singular values {p, }°°, C Ry of A with p, > p,;; such

that

A= pulfa)gal. (I1.69)
n=1
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It is here where the use of Dirac’s ket-bra notation pays oft: We never have to introduce
and use infinitly extended matrices, but only let the summation range extend to infinitly
many terms.

* For p € [1, 00), the trace norm || - ||, in (IL.67) defines a norm, indeed, on the complex
vector space By, () of finite-rank operators.

* The triangle inequality is the only nontrivial part of the latter statement. We only com-
ment on the cases p = 1 and p = 2. For p = 1, it rests on the representation

T { S |l din)] ' [0}, ()2 CH ONB}, 11.70)
n=1

while for p = 2, the key ingredient of the proof is the representation

Al = sup{% BeBﬁnm)\{o}}- (aL71)

To see that (I1.70) is the crucial input in the case p = 1, let A, B € By, (H) and observe
that

IA

sup { f} [l Agn)] ‘ (0n ks {on)2s CH ONB}

+sup { 3 |l ] (it Lokt € HONBY

= || Ally + || B]|x - (11.72)

The case p = 2 uses (II.71) in a similar way.

Definition I1.11. Suppose that (’H, (|)) is a (separable, complex) Hilbert space and that
1 < p < co. We define by

7 e

LP(H) = Ban(H) = C B(H), (I1.73)

the space of p-summable operators (on 7). Specifically, the Banach space (£'(#), || - 1) is
called the space of trace class operators, and the Banach space (L?(H), || - ||2) is called the
space of Hilbert-Schmidt operators.

Theorem IL12. Let (H = C% (:|) = (:|")unit) be a complex Hilbert space with an ONB
{@;}52, € Hand A € L'(H). Then the trace of A

o0

Tr(A) = Y (]| Ap;) (I1.74)

J=1
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exists and is independent of the ONB {@;}32| C H. If Ay, Ay, ..., A € L' (H) then the trace
is cyclic,

TI'(AlAQ e AL—lAL) = TI'(ALAlAQ ce AL—lAL) . (1175)

Proof. Due to (I1.70), the sum on the right side of (II.74) exists and is bounded in absolute
value by || A||1,

o0

1 Ags)| < J14]ls. (11.76)

Let {¢x}72, € H be a second ONB. Given ¢ > 0, we can find a finite-rank operator A. €
Bgn (M) such that || A — A.||; < e. Since A. is of finite rank,

o0

(pil Acps) = Tr(A) = ) (vl Acthy) . (IL77)
k=1

J=1

It follows from (I1.77) and an application of (I.76) to A — A, that

D {eil Ag) = Dl Adw)| = | > (el (A~ = Dl (A= A
j=1 k=1 j=1 k=1
<2||A- AL < 2e. (IL.78)
Since € > 0 can be chosen arbitrarily small, (I1.78) implies that
D lpil Aps) = D (vl Ay (11.79)
j=1 k=1

The proof of cyclicity is similar: First, one observes that it suffices to prove Tr(AB) =
Tr(BA) for two trace-class operators A, B € £'(#). Then both A and B are approximated
by finite-rank operators A. and B. up to errors in trace norm of size £ > (. For A, and B. the
identity Tr(A.B.) = Tr(B.A.) is trivial. Hence,

|Tr(AB) — Tr(BA)| < |Tr(AB) — Tr(A.B.)| + |Tr(B:A.) — Tr(BA)|
<2|Tr[A(B — B.)]| + 2|Tr[(A — A.)B.]|
§25<|]AH1+ HBH1+5>, (IL.80)

and Tr(AB) = Tr(BA) follows in the limit ¢ — 0. O
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