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problem sheet uploaded on 03-Jul-2025.

- admissible format of homework is a scan of a handwritten document converted to PDF,

submission of homework by e-mail to v.bach@tu-bs.de until 15-Jul-2025,

discussion of the solution in the tutorial on 18-Jul-2025.

Problem 6.1 (12 Points): Let d € N,H = C? and let SA(H) = {A € B(H)|A = A*} be the
set of self-adjoint operators on H. Recall that for A, B € SA, we write A< Bif B—A>0isa
positive operator.

(a) Prove that “<” defines a partial order on SA, i.e., that for all A, B,C' € SA(H),

A<A, (reflexivity)
{A<BAB<A}=A=B, (antisymmetry)
{A<BAB<(C}=A<C(C. (transitivity)

(b) Let A, B € SA(H) be two positive operators and define
1 1
D = §(A+B)+§|AfB|. (1)

Show that both D > A and D > B hold true.

(c) Show that D, as defined in (1), does not define an operator-valued supremum of A and B,
in general. That is, show that (E > A) A (E > B) does not imply E > D.
To this end, let H = C? and

A= <(1) 8) and B = (8 ‘1)> 2)

Compute D and construct E € SA(C?) such that E > A and E > B, but E — D is
indefinite.

Solution.

(a) Reflexivity: For all ¢ € H, we have (| Ap) < (Y|A) which is equivalent to A < A.

Antisymmetry: Let A > B and A < B. Then (¢Y|Av) > (¢|By) and (Y|Av) < (¢|By),
for all v € H, which is equivalent to (Y|(A — B)Y) = 0, for all ¢ € H. As a self-adjoint
operator is completely determined by diagonal matriz elements, this implies A — B = 0.

Antisymmetry: Let A < B and B < C. Then (¢|Ay) < (¢|By) < (W|C), for all ¢ € H.

Ignoring the middle part of this chain of inequalities, we observe that this is equivalent to
A<LC.



(b) Let A € R. Denoting (A\)+ := max{A,0} > 0 and (A\)_ := max{—X,0} = (=A); > 0, we
observe that A = (A\)+ — (M) = and |\| = (A)4 + (A\)—. With this we obtain from functional
calculus that

+(A-B) = £H(A-B), ¥ (A-B)_ < (A-B). + (A-B)_ = [A-B|, (3)

which implies that

D = L(A+B)+ }A-B| > }(A+B) + }(A-B) = A, (4)
D =4(A+B)+ 3|A-B| > {(A+B) - 3(A-B) = (5)

(¢c) Clearly, A+ B=1 and A — B = ¢® which gives |A — B| =1, so D =1. Moreover,

A:%1+%é’3-6 and B:%l—%éé-&. (6)

Letr,s € R and E := (r + 1)1+ 1s&, - dSA(C?). Then

E-D =rl+lsé -5, ™
E—A =(r+3)1+4(sé1 —é) -7, ®)
E—B =(r+3)1+1(sé1+¢é3) 7. 9)

Note that ||s€) £ €3]|eus = V1 + $2, so E—A >0 and E— B > 0, provided that %\/1 +52 <
r 4+ % which is equivalent to

s < 4r? 4 4r. (10)

Furthermore, the eigenvalues of E — D are py =1+ %s, and p_ < 0 for s > 2r. So, for
any r > 0 and any

s € (2r, V4r2 +4r], (11)

the matriz E = (r + 1)1+ $s€, - & has the desired properties.

Problem 6.2 (6 Points):

(a) Let x1,22,y1,y2 € [—1,1] be real numbers. Show that

|T1y1 + 21y2 + T2y1 — 2y2| < 2. (12)

(b) Let ©Q be a probability space, fi,f2,91,92 : € — [—1,1] random variables and p a
probability measure on 2. Prove that the correlations of these random variables satisfy

|E[f191] + E[f192] + E[f291] — E[f2g2]| < 2, (13)

where
E[f] = / £(w) du(w) (14)

denotes the expectation value of a random variable f : Q@ — R w.r.t. u.

Solution.

(a) For —1 <x1,72,y1,y2 < 1, we have

|z1y1+ 21y2 + Zoy1 — zoya| < x| - yn + vl + 22|y —v2| <y +y2| + |y — ye

=1y1+y2>0-1[y1 —y2 > 0] - 2y1 + Ly1 +y2 > 0] - L[y1 — y2 < 0] - 292
+ Uy +y2 < 0] - Lyr —y2 > 0] - (=2y2) + Llyz +y2 < 0] - Ly1 — y2 < O] - (—2y1)

2max {|y1], [p2|} < 2. (15)

IN



Alternatively, one observes that f : R* — R given by f(z1,72,y1,y2) := |T1y1 + 7192 +
Xoy1 —X2ys| is the composition of the linear map (x1, T2, y1,Y2) — T1Y1+T1Y2 +Tay1 — T2y
and the convexr map A — |\ and, hence, convex itself. Therefore, the mazimum of f
restricted to the compact conver subset [—1,1]* C R* is attained on the evtreme points of
[~1,1]%, i.e., on {—1,1}*. But then 22 = 22 = y? = y2 =1 and x15 = 2172, y12 = Y1Yo €
{—1,1}. Inspecting the value of f on these four possibilities yields

|T1y1 + 21Y2 + 221 — 22 y2| = |1+ Y12 + 212 — 212y12] € {0,2}, (16)
(b) By (15), we have that
|E[f1 1] + Elf1 g2] + Elfa91] = E[fog2]| = |[E[fig1 + frge + fog1 + f2 g2l

SE(figr+fige+ fon + f292]) < E[2-1] = 2. (17)

Problem 6.3 (12 Points): Assume that we are given a system of two qubits, H = C? @ C?
which is prepared in the pure state p = [¢)(| € DM(H), with

v=—"2(tel-lot (18)
\f( ) €
where
1 0
b () w1 (). -
For @ € R?, we define
7@ = ay0W +a0? +azo®, (20)

where o, 0 () € SA(C?) denote the Pauli matrices.
(a) Compute the expectation values w.r.t. pof ¢-d®1land 1®d-d

(b) Let @ b € R® be two normalized vectors, ||@||euis = [|b]leuxt = 1. Show that
<o~a®a-b>p = —a-b. (21)
(¢) Find four unit vectors dy, ds, 51, by € R3 such that the expectation values of - @; ® 7 - i)},
for i,j € {1,2}, violate inequality (13).

Solution.
We denote Hiz = H = Hi @ Ho with Hy = Ho = C%, p1o == p = |[¥)(W| € DM(H12),
p1:= Trapia € DM(H1), and py := Tr1p12 € DM(Hs). Note that

1 .
) = f(¢®¢ 1®t) = \@2(_1“@7’ (22)

where the sum ranges over 7 € {1,1}, (-1 =1, (=1)* = —1, T:={, and | :=1.

(a) We compute

(¢-a), =(5-avl) = (P|(@F-aoly),

= S V) (] @) e = 5 |G,
1 I
= §TI‘7.L1 [a~a] =0 (23)



and

N S SN P RCICR L
= S | 6 ) b, (7] (5 DR,

-

= (0016 Do (L1GB) Dy + (LG -8) L (115 B) Dy
— (H1E @) D (LIGB) D — (LG @) D (11 B) )

= %((13(_53) + (—as3)bs — (a1 —iaz)(by +1ib2) — (a1 + iaz)(bs —ibg))

= %(—61—62), by = %(—51—#52) (26)

L - Lo 1 L 1 L - 1
aq = — ay b2 = 7@, (lQ'bl = 75, a2~b2 = ﬁ (27)
Using (25) and (26), we observe that
<& dl ®a b1>P12 <5 E[l ® 7 2>/712 <H e b1>P12 o <H e 2>P12

= 5 =23 (28)

This violates Inequality (13), which implies that, in general, no (classical) probability space
Q with probabilty measure p exists such that quantum mechanical expectation values (-),
are gwen by (classical) expectation values B[] = [, (-) dp.



