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Throughout this exercise, N € IN is a positive integer, and H = C* is the N-dimensional complex
Hilbert space with the usual unitary scalar product
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In this case, the space B(H) = {A : H — H|A is linear} of (bounded) linear operators (= linear
maps) on H can be identified with the space of complex N x N matrices by identifying a linear
map A € B(H) with its matrix representation (Aw-)é\fj:l € CNXN wr.t. the canonical ONB

E ={ey,ea,...,en}, where the canonical basis vectors in H are given by
1 0 0
0 1 0
0 0 0
er = |.[,ee=|.[,exv=1].]- (2)
0 0 0
0 0 1

While we usually simply identify B(H) with CV*¥  we deliberately distinguish this difference in
this problem set.

Problem 2.1 (6 Points):

(a) Show that & = {ej}évzl is an orthonormal basis (ONB).
(b) Let ¢ = Z;vzl Yje; € H. Show that 1; = (e;|¢), for all j € ZY := {1,2,...,N}.

c) Let A € B(#) be a linear operator on H and (4; ;,)N._, € CV*¥ its matrix representation
p 1 /1,5=1 b

w.r.t. the canonical ONB &. Show that A, ; = (e;|Ae;), for all i, € ZY.
(d) Let A € B(H) be a linear operator on H, (A;;));=; € CY*V its matrix representation
w.r.t. the canonical ONB &, and A* € B(H) its adoint defined by the matrix representation

((A*)i’j)f:vj:l € CN*N wrt. the canonical ONB &, where (A*);; := A;;. Show that

(p|Ay) = (A*ply) holds true, for all ¢, 9 € H.

Solution.



(a) Since obviously (e;le;) = &;;, &€ C CV is orthonormal. Being an orthonormal set, & is
linearly independent, for if aq,...,any € C are such that aje; + agses + ...+ ayey = 0,
then, for any j € ZY,

N
0 = (e;]0) Zan (ejlen) = Zanéj,n = o, (3)
n=1

which implies that a; = a9 = --+ = ay = 0. This establishes the linear independence of
E. Moreover, if 2 = (21,22,...,2n5)T € CV then
z = z1€1 + z9ea2 + ...+ znyen, (4)

and hence & generate CV. It follows that £ is a basis.

(b) We take the scalar product of ¢ = ij:l Yy, e, with e; and obtain

2

(ejly) = Z (ejlex) Zdlk ik = - (5)

k=1

(c) Since (A;;);—, is the matrix representation of A, we have that Ae; = ZkN:1 Ay, ; e, for
all j € Z¥. We take the scalar product of this with e; and obtain

N
61|A6j ZAkJ €z|€k = ZAk’j 62’,]@ = Ai’j. (6)
k=1

(d) If p = 21111 pie; and ¢ = Zjvzl 1; e; then by sesquilinearity

N N
(plAy) = > @iy eilde;) and (A"ply) = Y Givy (A%eile;) . (7)
i,j=1 i,5=1

Hence, it suffices to show that (e;|4de;) = (A*e;le;) holds true, for all i,j € ZY. We
observe, however, that

(Aeilej) = (ejlA*e;) = (A%);i = Aij = (eildey), (8)

indeed.

Problem 2.2 (12 Points):

(a) Let D = {@;}}_, € H be an ONB. Define a linear operator U € B(H) by Ue; := ¢;, for
all j € Z{. Show that the matrix elements (U; ;));_; € CV*N of U w.r.t. the canonical
ONB € are given by U; ; = (e;|p;).

(b) Show that U is unitary, i.e., that UU* = U*U = 1.

(c) Let N = 2 and suppose that the matrix representation (u;;)?,;—, € C*** of U € B(H)
w.r.t. the canonical ONB €& is given by

Uil U2 (o B
(Uz,l u2,2> B (’Y 5>' ©)

(c.1) Determine all values of «, 3,7,d € C such that U is invertible.
(c.2) Compute the inverse matrix for these values of «, 3,7, d € C.
(c.3) Determine all values of «, 3,7,d € C such that U is unitary.

Solution.

(a) The matrix elements A; ; of a linear operator A w.r.t. the canonical ONB & are given by
A; j = (e;|Ae;j). For U this yields U; ; = (e;|Ue;) = (es]¢;)-



(b) Using Pb 1 and (a), we obtain (U*), ; = U,; = (e;|i) = (pile;) and hence

N N
U= Ugleesl = Y (eilei) leiel, (10)
‘J*l i,j=1
N
us = Z Ve lex) (el = Z(g@k|eg) lex)(ee] - (11)
k= k=1
Hence,
N N
UU = > (pkled) (eiley) le) (edlei)(es] = Y (prles) (esles) len) (el
P ik f— SN—— =
4,9,k 0=1 =5, i,j,k=1
N N
- Z< (Z|eZ ez)%‘>|€k><€j| = > wk\wj ) lex) (e
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%/—/ 75k i
=1
= > lep)egl = 1 (12)
1
Similarly,
N N
Ut = Z (eiles) (prlee) les) (ejler) (eel = ZZ; (eslps) (wjlee) lei) (ed]
.5,k =5j,k =
N
=2 < (ZW’J ¥ )84> lei){ee| = Z {eilec) |ej) (e
i0=1 i = 1T
\W—/ ie
=1
N
= le){es] = 1. (13)
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(c) (c.1) U is invertible if, and only if, det[U] = ad — Sy # 0.
(c.2) For 2 x 2-matrices, there is a formula for the matrix inverse, namely

_ 1 5§ B
Ulzaa—m(—y a). (14)

Indeed, we can check that

a B 6 =B\ (6 =B\ [(a B\ [(ad—-py 0
(7 5) <—’r a) N (—v a> <7 5> - < 0 a5—/37>' (19)
(c.3) Unitarity of U is equivalent to U~! = U*. First, this implies that
|det[U]|? = det[U] det[U] = det[UT] det[U] = det[U*] det[U]
= det[U*U] = det[1l] = 1. (16)

Hence, there is a ¢ € [0,27) such that det[U] = ¢*. The unitarity further implies

that
e_iwd _e—igpﬂ _ -1 _ * a 7
(6“"7 e“"a) =U" =U" = (ﬁ 5) . (17)

It follows that § = e~#?a = e¥@ and that v = e~ = ¢*¥3. But then

€' = det[U] = ad—fy = ¥{|al*+[B]*}. (18)



Hence, a = €' cos(¥) and 8 = €' sin(4), for some 9, 0,7 € [0,27). It follows that
every unitary 2 x 2-matrix is of the form

B e'™ cos (1) €% sin(19)
U= (ei(“"")sin(ﬁ) =7 cos() ) (19)

for some ¥, p, 7,0 € [0,27). Conversely, as is easily checked, every matrix of the form
(19) is unitary, provided ¥, o, 7,0 € [0, 27).

Problem 2.3 (6 Points): Let A € B(#) be a linear operator on # and (4, ;)N;,_, € CV*N

its matrix representation w.r.t. the canonical ONB £. The trace of A is defined as Tr(A4) :=
N

Zj:l Ajv]
(a) Show that Tr(AB) = Tr(BA), for all A, B € B(H).
(b) Let D = {@;};L, € H be another ONB. Show that

VAEBM):  Tr(A) = ) (p;lAg;). (20)
Solution.

(a) Given A, B € B(H), we first compute the matrix elements of AB,

N N
(AB);; = (ei|ABe;) = <€iA(Z|6k><6k|)Bej> = Y (eilAex) (ex|Be;)
k=1 k=1
N
=Y Aix B, (21)
k=1

and similarly (BA)g,, = Z;\f:l By ;A ¢. Hence,

N N N N
Te(AB) = Y (AB);; = > AjkBr; = Y BijAjx = Y (BAsk
j=1 k=1 Jk=1 =1
= Tr(BA). (22)

b) Let U € B(H) be the unitary such that Ue; = ;. It follows that
i = Pj

Tr[A] = Te[(UU*)A] = Ti[UU*A)] = Te[(U*A)U] = Te[U*AU]

N N N
= Z<€j|U*AU€j> = ) (Ue;|AUe;) = Z(%‘M%% (23)

Jj=1

where we use Tr[XY] = Tr[Y X] in the third equation



