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Exercise 4.1

1. Show that (−∆ + 1)−1 is not compact on L2(Rd), i.e., find a bounded sequence (un)n∈N
in L2(Rd) such that ((−∆ + 1)−1un)n∈N has no convergent subsequence in L2(Rd).

2. Let Bx(R) = {y ∈ Rd : |x − y| ≤ R}. For which α ≥ 0, d ∈ N, and 1 ≤ p ≤ ∞ does
B0(1)→ R : x 7→ |x|−α belong to W 1,p(B0(1))?

(Remark: If {rk}k∈N is a countable, dense subset of B0(1) and u(x) =
∑∞

k=1 2−k|x− rk|−α
for x ∈ B0(1), then the example shows u ∈ W 1,p(B0(1)) but is yet unbounded on each
open subset of B0(1).)

Exercise 4.2 (Uncertainty principle I)
Let R > 0 and f ∈ C∞c (R) be such that supp f ⊆ B0(R) ≡ {x ∈ R : |x| ≤ R}. Show that f̂ is
holomorphic and satisfies |f̂(ξ)| ≤ e2πR| Im ξ|‖f‖1 for ξ ∈ C. Conclude that suppF [f ] cannot be
compact, unless f̂ ≡ 0.

Exercise 4.3 (Uncertainty principle II)
Let H be a complex Hilbert space with dimH ≥ 1. Let P,Q be two self-adjoint operators on
H such that

(ϕ, [P,Q]ϕ) := (Pϕ,Qϕ)− (Qϕ,Pϕ) =
1

i
‖ϕ‖2

for all ϕ ∈ D(P ) ∩ D(Q). Show the following assertions.

1. One necessarily has dimH = ∞. (Hint: Think of the trace of a commutator in the
finite-dimensional setting.)

2. Assume that P and Q were bounded. Show that neither P nor Q can have an eigenvalue.

3. Show that neither P nor Q can be bounded. (Hint: Every self-adjoint operator has
non-empty spectrum, see Exercise 2.4. Recall also Lemma 1.2.8.)

Exercise 4.4 (Uncertainty principle III / Hardy’s inequality)
Let 3 ≤ d ∈ N, g ∈ C∞c (Rd), and f(x) =< x >−αε g(x) where < x >ε:= (|x|2 + ε2)1/2. Show
that ∫

Rd

|∇f(x)|2 dx ≥ (−α2 + α(d− 2))

∫
Rd

|f(x)|2

|x|2
dx



and show that the optimal value of α is given by (d − 2)/2. (Hint: compute first ‖∇f‖22 and
let then ε↘ 0.)
Next, show that for ψ ∈ H1

0 (R+), one has∫ ∞
0

|ψ′(r)|2 dr − 1

4

∫ ∞
0

|ψ(r)|2

r2
dr ≥ 0 .

(Hint: you may use that C∞c (R+) is dense in H1
0 (R+).) Prove that there is no non-vanishing

ψ ∈ H1
0 (R+) that saturates the inequality, i.e., there is no ψ such that the left side identically

vanishes. Moreover, show that the value 1/4 is optimal in the sense that an inequality where
1/4 is replaced by 1/4 + ε for some ε > 0 is generally false. (Recall that Hs

0(Ω) = C∞c (Ω) for
some Ω ⊆ Rd where the closure is with respect to the Hs norm. In this case, this simplifies to
H1

0 (R+) = {f ∈ H1(R+) : f (j)(0) = 0 , j = 0, 1}.)


