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Fourier Restriction and Applications
Homework Sheet 6

Exercise 6.1
Let Ω ⊆ Rd−1 be an open set and F, F̃ ∈ C(Ω : R). Let α > 1/2 and

θ =


α− 1/2 if α < 3/2

1− ε for all ε ∈ (0, 1) if α = 3/2

1 if α > 3/2

.

Show that∫
Ω

|û(ξ′, F (ξ′))− û(ξ′, F̃ (ξ′))|2 dξ′ ≲α,θ sup
ξ′∈Ω

|F (ξ′)− F̃ (ξ′)|2θ
∫
Rd

⟨xd⟩2α|u(x)|2 dx .

Exercise 6.2
Let 1 ≤ p, q ≤ ∞ and S = {ξ ∈ Rd : ξd = 0, |ξ| ≤ 1} with endowed surface measure dξ

∣∣
S
= dξ′.

Suppose ∥f̂∥Lq(S) ≲p,q,S ∥f∥Lp(Rd) holds for all f ∈ S(Rd). Show that p = 1 necessarily.

Exercise 6.3
Let S = Sd−1 and St := {ξ ∈ Rd : |ξ| =

√
1 + t} endowed with Lebesgue surface measures dσS

and dσSt , respectively. Show that the non-endpoint Tomas–Stein theorem, and, in fact Hölder
continuity, follows from decay estimates of the Fourier transform of the surface measure.

Lemma 0.1. Let τ ∈ (0, 1), 0 < β ≤ (d− 1)/2, p◦ = 2(1+β)/(2+β) ∈ (1, 2), and 1 ≤ p < p◦,

and denote 1/q := 1/p− 1/p′ and d̂ω := d̂ωSt − d̂ωS. If there is α ∈ (0,min{β +1− q, q}) such
that

|d̂ω(x)| ≤ cτ |t|α(1 + |x|)α−β (1)

holds for some cτ > 0 and all |t| ∈ (0, τ), then

sup
|t|∈(0,τ)

∥F∗
St
FSt −F∗

SFS∥Lp→Lp′ ≲α,q,τ |t|α/q . (2)

Exercise 6.4
Use the previous exercise to prove Hölder continuity of the non-endpoint Tomas–Stein theorem
for St := {ξ ∈ Rd : |ξ| =

√
1 + t} (with S0 = S = Sd−1 as above).

Theorem 0.2. Let 0 < τ < 1, 1 ≤ p < 2(d+1)/(d+3), 1/q = 1/p−1/p′, i.e., 1 ≤ q < (d+1)/2,
and 0 < α < min{(d+ 1)/2− q, q}. Then

sup
|t|∈(0,τ)

∥F∗
St
FSt −F∗

SFS∥Lp→Lp′ ≲α,q,τ |t|α/q . (3)


