Summer term 2025,
not to be discussed.
Questions welcome.

Fourier Restriction and Applications
Homework Sheet 6

Exercise 6.1 3
Let © C R4 be an open set and F, F' € C(2: R). Let a > 1/2 and

a—1/2 if @ < 3/2
0=q1—¢ for all e € (0,1) if « =3/2 .
1 if « >3/2

Show that

[ 1€ P = i€ PP Saasup IFE) = FE [ (™ luto) o

£en

Exercise 6.2
Let 1 <p,g<ocoand S ={£ €R¢: & =0, [£| < 1} with endowed surface measure d£|s = d¢'.

Suppose ||f||Lq(S) Spa.s |1l ey holds for all f € S(R?). Show that p = 1 necessarily.

Exercise 6.3

Let S =S%1 and S; := {¢ € R?: [£] = v/1 + ¢} endowed with Lebesgue surface measures dog
and dog,, respectively. Show that the non-endpoint Tomas—Stein theorem, and, in fact Holder
continuity, follows from decay estimates of the Fourier transform of the surface measure.

Lemma 0.1. Let 7 € (0,1), 0 < 8 < (d—1)/2, po =2(1+5)/(2+5) € (1,2), and 1 < p < po,
and denote 1/q :=1/p—1/p" and dw = dws, — dwg. If there is a € (0, min{S + 1 —q, q}) such
that

|dw ()] < e [t (1 + |2])*" (1)
holds for some ¢, > 0 and all |t| € (0,7), then

Sup H'thfst - f;fS“LPALP' ~Q,q,T |t‘a/q . (2)
[t|€(0,7)

Exercise 6.4
Use the previous exercise to prove Holder continuity of the non-endpoint Tomas—Stein theorem

for Sy := {€ € R?: |¢| = /1 +t} (with Sy = S =S%! as above).

Theorem 0.2. Let0 <7< 1,1 <p<2(d+1)/(d+3),1/q=1/p—1/p', i.e., 1 < q < (d+1)/2,
and 0 < o < min{(d +1)/2 — q,q}. Then

15 = Fi sl st S (3)
(0,7



