Summer term 2025,
to be discussed on
April 22, 2025

Fourier Restriction and Applications
Homework Sheet 1

Exercise 1.1
Let 0 < p < 1 and assume f, (fx)ken, 9 € LP(X, p).

1. Show that
||ka||m <Nl/p12|\fk||m

holds for any N € N. (Hint: First show || S~ fellh < SV | flls and then use Holder’s
inequality for the sum on the right side.) Is the constant N'/?~! sharp?

2. If additionally f, g > 0, prove the reverse triangle inequality || f + gll, > || fll, + ll9]l,-

Exercise 1.2
Show Proposition 1.1.3 (on simple properties of df) in the notes.

Exercise 1.3
Prove the marked items in Proposition 1.2.5 (on simple properties of f*) in the notes.

Exercise 1.4

Let f(¢) == Jga €2 f(x) dz denote the Fourier transform which is well-defined on L'(R%)
or the Schwartz space S(RY) and then extended to LP(R?) for any 1 < p < 2 by Plancherel
(initially on L' N L? and then extended via density to L?) and interpolation. Recall that the
interpolation lead us to the (non-optimal) Hausdorff-Young inequality

1l o ey < [ fll o) -

Suppose there was an inequality of the form

HfHLq(Rd) < Cp,q7d||f||LP(Rd)

for some 1 < p, g < co. Show (by a scaling argument) that necessarily ¢ = p’ and, by randomi-
zing a sequence of functions and Khintchine’s inequality, that p < 2.

Exercise 1.5
Let f, g be measurable on a o-finite measure space (X, u). Prove the Hardy-Littlewood inequa-

lity
J 1r@g(@) dunte / o

where f*, g* are the decreasing rearrangements of f and g, respectively.



