Summer term 2020

Harmonic Analysis
Homework Sheet 7

Exercise 7.1

Recall the Dirichlet kernel
sin((2N + 1)7t)

sin(7t)
for N € Nand t € [0,1]. Prove |1/t —1/(sint)| < 1 (by using, e.g., the fundamental theorem of

calculus) for |t| < 7/2 to show ||Dy||r1(o,1)) ~ log N. (In fact, one can prove |1/t —1/(sint)| <
1 —2/m and

Dn(t) =

but this is not required here.)

Exercise 7.2
Prove the following

Lemma 0.1 (Weighted Schur test). Let (X, u) and (Y,v) be measure spaces and w(zx,y) > 0
be measurable on X X Y. Suppose the kernel K(x,y) : X x Y — C satisfies

sup [ wle, ) MK )] dv(e) = A <oc and sup [ wle) K G| dute) = A< oc
Y X

zeX yey

for some 1 < p < 00, respectz’vely 1 <p < oo when w(z,y) = 1. Then, the operator T' defined
by (Tf)(zx)= [, K y) dv(y) satisfies || T fl|zr(x) < A}/p A;/p||f||Lp(y)

Exercise 7.3
Show the following transference-type

Lemma 0.2 (de Leeuw). Suppose that m is a smooth Fourier multiplier on RY and that the
operator T defined by

TF(€) =m()f(©)
is bounded on LP(R?). Then the operator Ty defined by
Tog(&)) = m(€,0)9(&)
for & € R 4s bounded on LP(RI~1).



