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Exercise 7.1
Recall the Dirichlet kernel

DN(t) =
sin((2N + 1)πt)

sin(πt)

for N ∈ N and t ∈ [0, 1]. Prove |1/t− 1/(sin t)| . 1 (by using, e.g., the fundamental theorem of
calculus) for |t| ≤ π/2 to show ‖DN‖L1([0,1]) ∼ logN . (In fact, one can prove |1/t− 1/(sin t)| ≤
1− 2/π and
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but this is not required here.)

Exercise 7.2
Prove the following

Lemma 0.1 (Weighted Schur test). Let (X,µ) and (Y, ν) be measure spaces and w(x, y) > 0
be measurable on X × Y . Suppose the kernel K(x, y) : X × Y → C satisfies

sup
x∈X

∫
Y

w(x, y)1/p|K(x, y)| dν(y) ≡ A1 <∞ and sup
y∈Y

∫
X

w(x, y)−1/p
′|K(x, y)| dµ(x) ≡ A2 <∞

for some 1 < p < ∞, respectively 1 ≤ p ≤ ∞ when w(x, y) ≡ 1. Then, the operator T defined

by (Tf)(x) =
∫
Y
K(x, y)f(y) dν(y) satisfies ‖Tf‖Lp(X) ≤ A

1/p′

1 A
1/p
2 ‖f‖Lp(Y ).

Exercise 7.3
Show the following transference-type

Lemma 0.2 (de Leeuw). Suppose that m is a smooth Fourier multiplier on Rd and that the
operator T defined by

T̂ f(ξ) = m(ξ)f̂(ξ)

is bounded on Lp(Rd). Then the operator T0 defined by

T̂0g(ξ
′) = m(ξ′, 0)ĝ(ξ′)

for ξ′ ∈ Rd−1 is bounded on Lp(Rd−1).


