Summer term 2020

Harmonic Analysis
Homework Sheet 11

Exercise 11.1

Assume A : D(A) — H is a linear non-negative (i.e., in particular self-adjoint) operator in some
Hilbert space H. Suppose, we knew that a Hérmander spectral multiplier theorem held for this
operator such as the following

Theorem 0.1. Let 0 > 0, fir 0 # w € C*(R,), and suppose F is a bounded and measurable
function on R such that

Sup ()P (1) ey < o0 0

Then F(A) is LP(R?) bounded for all 1 < p < oo.
Now, let ® : [0,00) — [0, 1] be a smooth, compactly supported function such that
P(AN)=1for0<A<1 and P(\)=0for A > 2.
For a dyadic number N € 2%, we define
Pn(A) =P(A/N) and Un(A) = DPy(A) — Prja(N) € CF(Ry).

We see that {Ux(A)}yeoz constitutes a partition of unity for A € R,. Using these functions,
we define the standard Littlewood-Paley projections (via the L? functional calculus) as

Py = Un(VA).
Using these projections, prove

Theorem 0.2 (Square function estimates). Let s > 0 and 1 < p < co. Assume k € N such
that 2k > s. Then we have

1A% £l ~ (Z \NS/Z(PN)’“HZ)

Ne2Z
< p

for all f € C*(RY).

Exercise 11.2
Suppose V € LL _(R9) is such that —A+V can be realized as a linear, densely defined operator

loc

on D(—A)ND(V). Formally establish the following Duhamel formula,
1
oA o (-A+Y) _ / (1A o =s(=2=V) g
0

(Hint: The fundamental theorem of calculus may be helpful.)

Exercise 11.3
Using the three-lines lemma, establish the following Phragmén—Lindel6f



Lemma 0.3. Let F' be holomorphic on C, :={z € C: R(z) > 0} and assume the bounds

|F(re’)| < ai(rcosf)™"
|F(r)] < arr? exp(—agr™®)

for some ay,as >0, 5 >0,0< <2 allr>0,and|0| <7/2. Then, the estimate
i0 3 -8 1 —a
|F(re"”)] < a12”(rcosf) ™" exp —502ar cos 6

holds for all v > 0 and 0] < 7/2.



