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”Mean-field”, physics and probability, applications in other sciences

o System of ODEs (or SDEs) are used to describe the dynamics of particle
systems.

o Problem: Very high number of the particles, high computational costs.

o Key structure: particles are not distinguishable, interaction forces are
symmetric and of order ﬁ

o ldea: Derive a one particle equation with average effect from the others

o Solution: The PDE for probability density. the mean-field limit.
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Idea of mean field limit

A toy model, deterministic case

Mean field type N interaction particle system in dimension d with
interaction force F : RY — R

A
L= =N RN - xY
= 2 P =X,
JF#i
XN—o=XN(©0), 1<i<N, areN different d-D vectors.

If F is Lipschitz, then there exists a global unique solution.

For N > 1, high computational costs. Can one take N — oc0?

Idea: Empirical measure of (X}V, XJV, ... ,X,()’),
;N
pn 1) = 5 3050 = XP(2)).
i=1
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Idea of mean field limit

For any test function ¢ € C5°, we have “formally”,

N
& [t toode = (5 ZwXN)* > valxt): !

N
= ZW () 5 30 FOX = X7
J:l

= ZWX’V /(X = y)un(y, t)dy

= /um(x, t) / F(x = y)un(y, t)dy - V(x)dx
wy satisfies the following transport equation in the sense of distributions

Oepn + V- (un(F * pn)) = 0.
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Idea of mean field limit
The corresponding characteristics satisfies the same particle system,

ax 1 ¢ N N N N N
ar NZF(X" =X") = | F(X" = y)un(y, t)dy,  Xi"|e=o = X;"(0).
J#i

If upy — p in “some sense”. The particle model

d)zgt) - /F(X(t) —y)ply, t)dy, p(x,t) = X(t)#po(x)

X|i=0 = Xo, for all Xo € R¥, py a given nonnegative measure.

where p is the push-forward measure of pg by the flow X(t), i.e.
p(B) = po(X(t)"1(B)), VB CR.

Specifically, if pg is an empirical measure, these two problems are the same. For
general nonnegative measure pg, the solution of

8tp+V(,0(F*,0)):0» p(Xvo):/)O

should be the “right” N — oo limit for the N particle system.
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Idea for N particle SDE system
The evolution of (X{V(t), XV(¢),--- , XA (t)) € R is given by

N
1 i
dXxN(t) = N > FXN(E) = X(1))dt + v2dB (1),
J#i
XN|i—o = XM(0), N i.id. random variables with law pg

The formal mean field limit is (Mckean Vlasov)
d)%iN(t) = / F()%iN(t) - y)p(t?y)dy + ﬁdBi(t)a p(t,X) = /aW{)?,-N(t)},
R4
)A(,-N|t=o = )A<,-N(O) N i.i.d. random variables with law po.
Ito’s formula and expectation shows that p satisfies the nonlocal PDE

9ep+ V- (p(F xp)) = Dp,  p(x,0) = po.
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Patlak-Keller-Segel system: the basic mathematical model for Chemotaxis. It
is PDE model to describe the movement of cells in response to chemical signals.

pe = Ap —div(pVc), —Ac=p, or ‘pt +div(pVo * p) = Ap‘

@ ®(x) =2mlog|x| for d =2
®(x) = C(d)/|x|972 for d >3
@ The cells move towards regions

of higher signal concentration.

@ As the cells produce the signal
substance, the movement may
lead to an aggregation of cells.

@ Aggregation is counter-balanced
by cell diffusion.
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Typical quantities of the P-K-S System

@ Conservation of mass
mot) = [ plx. o = [ po(x)ax = mo.

@ Entropy (Lyapunov functional) dissipation relation,

Entropy: H(p) = /(plnp - %C)dx,

d
EH(p) . /p]VInp — Vcl2dx = 0.| = | H(p) < H(po)

Key feature of the system: Global existence vs. finite time blow up. Since
1990's, Jager and Luckhaus, Biler, Herrero, Horstmann, Medina, Nagai,
Stevens, Velazquez, Winkler......
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The critical mass 87 in 2-D

1 1
c 27r/ og |X_y|p(y) ly

Entropy: H(p) = /plnpdx——// x, t)p(y, t Iog| e 5 dxdy.

FACT 1: Entropy dissipation relation

H(p) < H(po).

FACT 2: Logarithmic Hardy-Littlewood-Sobolev inequality
If p>0in L' and plogp € L, then

/plogpdx——// Iog L e 5 dxdy + C(mg) > 0,

where mg = [ p(x)dx, C(mg) := mo(1 + log ™ — log mo).
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A direct application is that
0

Hp (-, 1)) > (1—’8”—)/plogpdx——c< 0),
Hp (1) = (o5 = =) | [ ol oty 0)log s ey — ()

mo < 8m: global existence, Blanchet, Dolbeault, Perthame, 2006.
Another proof: Carrillo, Chen, Liu, and Wang, based on Delort’s theory of 2-D
incompressible Euler equation, 2012.

mg > 8m: blow up in finite time, Dolbeault, Perthame, 2004.
2
Idea: Second moment, my(t) := X 2| pdx. mh(t) = 2mp(1 — %) <0.
™
mo = 8m: Blanchet, Carlen, Carrillo, Masmoudi....

d = 2 | Diffusion | ~ | Aggregation |.

Remark d > 3 Diffusion is weaker than Aggregation, boundedness of the
solution only for small initial data.
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Question: Slow down or speed up the blow-up phenomena by adding control
function with minimal costs? When yes, Where to add the control function?

Idea: add the control function in the chemical potential equation by adjusting
the density of the cells:

Op=DBp—V-(pxVc), —Ac=p—F, po€ "R (1+|x]*)dx).

Admissable control space X = {f : ”fHWqu(R{d)ﬁLl(]Rd) < I(t), I(t) € L"(0, T),r > 1+ %, q> d}.
The cost functional

T

Jplf).F) = / 16[F] = 2llirggeydt + / (F plf]dt.

@ p[f] is the solution of K-S with control function f.
@ the objective probability density z € L! N LP(R?) with p € [2,00)
Goal: 3 f € X s.t. J(F) = min J(F).

fex
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Understand the control problem on the particle level
prove the existence of f through the corresponding micro-scopic system

N

dx Ve :% > Vo (XM — XM dt — VO, x £(X]7) dt + V2dW]
j=1

XN(0) =¢;, i.i.d, po is the probability density function of &;.

With mollification function jg, &)E is given by

_ —Cy—Lt—, x| >2 _
¢:{ 4 Txd=2 e S = jo * b,

—Cy(2 = d)(2e) x| + Cy(1 — d)(22)27 9, |x| < 2¢

Cost functional

JN(MN[f],f):/O IEJ(HjE*uN[f]—z||Lp(Rd))dt+/0 E((F, unlf])) dt.

Cut-off scaling
e~ NP =0, when N — oco.
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Main result Let d > 2, pg € W19 satisfies the previous conditions,

@ For any fixed € and N, there exists fe X, ie.
In(unlfl, £) = min In(pnlf], ).
fex
o Let x < 8m for d =2 or HpOHL%(Rd) < © (for some small ©) for
d>3. Then VT >0 and V f € X, there is a solution
plf] € L°°(0, T; L* n wt9).

o For e = N=% with 3 € (0, 3,) for some small 3* > 0. Furthermore,
let fy € X be any minimizer of Jy(pn[f], f) and f be any weak
accumulation point of it, then

J(plf], £) = min J(plf], ).
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Step 1. The existence of minimizer of N-particle system

Proposition (Existence of minimizer)

For fixed N and ¢, there exists f € X s.t. Jy(f) = minsex Jn(F).

Idea: PDE method. Consider the high dimensional linear PDE of the joint
distribution of particles X,-N’E, i=1,---, N, with factorized initial data p?N.

N N N
0= 3 B 30V (0™ (3 3o Vel = )98 £(x) ) =0
j=1

i=1 i=1

Cost function can be reformulated without probability language.

T N
atenf) )= [ [ S2i =% = 20)

- /0 ! /R (e (e X)dxdr,

Compactness argument of the minimizing sequence.
Key technical steps are uniform estimate of the PDE solution, then apply
Aubin-Lions compact embedding lemma.

N,e
SF](t dXydt
Lp(Rd)P [ ]( » X1, ,XN) N
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Key Idea to connect the particle system and PDE
Introducing the intermediate problem (e-problems)

0ep® — Dp* =V - (xp°V P,  (p° — f)),
The corresponding McKean-Vlasov equation is

dXE =V, * (p° — F)(XF) dt + V2 dW,.
X7(0) =&, i.i.d, po is the probability density function of &;.

Step 2. Key results on the PDE level
@ For any fixed f € X, we have p[f], p°[f] € L>°(0, T; L} N L>°) and

1plf] = P [flll oo, o110 < Ce.
@ If fy — f in X, then there is a convergence subsequence of p[fy] such that

plfu] = plf] in L0, T: LP(RY)),  plfw] — plf] in L2(0, T; L'(RY)).
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Step 3. Mean field limit for given control with ¢ = N—°

@ Convergence in probability
Vo € (0,3), 38. > 0, s.t. VB € (0,,), it holds for e = N=F#

— : Nerrl X —o) . €0
P(Aa)—IF’(wEQ.lganN X=X 1| = N) < s

Vv > 0.

@ Mean field limit _ _
For any fixed control function fy, let p"1[fy] be the 1-particle marginal of
p"¢[fy] then it holds

e C(t
6% ] = plfullmgo ey < s

Idea: Relative entropy estimate for the moderate interacting system. Using
convergence in probability to close the relative entropy inequality.
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Step 4. Limit of cost function for given control fve X
lim (Jv(fn) — J(fn)) = 0.
N%O( v(fn) — J(fn))
T T
Remember n(untf). ) = [ (e * anlf) = =l pggay) e+ [ (. unlfD) de

Kol ) = [T otf1 = 2l payt + [T 5 ol
Idea: |Un(fv) — J(fv)] < AL + A,
T
A S/ E(Hjs * pon[fv] — Je * ﬁN[fN]HLP(Rd))dt
o .7
+ | (e mald ~ e+ o ey e
0

T T
+/0 e * % [fn] — p° (]| Lo(reydt +/0 1p°[fn] — plfw]ll Lo (meydt

.
A S/ /
o Jre

§||FN||L1(0,T;LOC(Rd))||PN’E;1[FN] - P[FN]||LOC(0,T;L1(Rd))CN_5 — 0.

Fup™ =[] — Fuplfu]| dxdt

where in A we used the propagation of chaos result in strong L! sense.
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Convergence for A;

The third and forth terms can be easily proved converging to 0. The second term
can be controlled by ||j. |1« N~! = N?5~1 by using the law of large numbers.
Use the convergence of probability to show that convergence of the first term :

A1 ST%/ ‘]E( )’dt
N [ B 1|5 S (- X,-”’E[FND A )
i=1

_ (p=D)a —o—C _ (=1
(||ng|¢u,o N T N
( ((d+D)B—a) | g5t ~1(dB—v ) < C(T)N%((d+1)ﬁfa) 0.

Je * unlfn] — Je

p—1

T)dt
LOC

_ N,e YE[F > N« —
where IP’(AQ {w € Q: e |XNe[fy] — Xe[fu]| = N }) < CN77.
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Step 5. Idea of -convergence

Let fiy be the minimizer of Jy(f), which has a convergent subsequence
fn, — f weakly in L"(L* 0 Wh9).

we can prove the following two facts
° Iikm inf Iy, (fv,) > J(f). (done by lower semicontinuity of norm, and the L
—00
strong convergence in mean field limit discussion)

° Nlim In(F) = J(f). (Limit of cost function for given control)
— 00
Then it follows

lim sup min Jy(f) < I|m In(F) = J(f) < I|m IanNk(ka) < liminf nyn In, (F).

N—oo FEX N—oo k—oo f

Therefore we have klim In(fn,) = lim  min Jy, () = J(F).
—00

Niy—oo feX
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Show that f is a minimizer of J(f) in X

Since fp, is the minimizer of Jy,, we have proved that
lim Jy, (fy,) = J(F).
k—o00

On the other hand, for any f € X, since Jy(f) > Jn(fy) and

lim Jy(f) = J(F).

N—oo

we obtain automatically that J(f) > J(f), which means that f is a minimizer of
J(f) in X.
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Attachment: Relative entropy
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A key tool: Relative entropy method Consider the high dimensional PDEs
with factorized initial data p§".

N N
Drp e Z Dot Z Vs - (o Z VO(xi = x)-Vbe * fu(x)) ) =0

ZA TAls ZVX, (™ (Vo * () = VO # Fuf(x)) ) = 0

The relative entropy of N-particle system H defined by

Ne| &N 1 Ne| ®N 1 PN’E PN’E RN
A N™) = AN ™) = 3y | ew o8 PP dXi.

Proposition (Relative entropy estimate (Using convergence in probability))

Ife=N=P 0< B < B* then
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Compute the time evolution of the relative entropy, we have

N N 1 ! PN’E
—H(p"=1p®") + ﬂ/RdNZ‘VX,- log(p@w

N
<XIE( ‘va (£, X5) — Z . (XM — xMe)
1 j=1

=

2
)‘ pN’E dxg - -+ dxy
)

N
I XE<% Z |V « F(e, X"°) - Vo, f(t>XiN7E)|2)
i=1

=xMi + x M.
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Estimate for M, is relatively easy,

My <[[(VO: — VO.) * fiy|[Fe + (VO — V) x fiy| 7

<|[fullf + D@ i < E¥llfulfyne < (D).
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Use convergence in probability to close the estimate of M,
)

Vo, * p=(t, XV5) — Vb, % p°(t, X;)

N
1 ~
M SE(N Z ‘VCD * P(LX,.N’E) — Vo, * ps(t,X,-N’E)
2)

VQD * p°( Z )

=~
A,
=

+1E(

Il
iR

)
J=t i=1

=2~

Il
—

+E(

=~
2\

Il
N

+E(

Li ChenUniversitait Mannheim Mean-Field Control for Diffusion Aggregation system with Coulol



M1 can be estimated by pure PDE analysis,

)

N
1
M S]E(N Zl ‘Vd) & P(LX,'N’E) — Vo, *p(t, X’.N’E)

N
1 ~ 2
+ ]E(N 3 ’v¢g « p(t, X)) — Vo, % p(t, XV) )
i=1
N
+1E(lz‘va“> £ p(£, XI9) = V. x p7 (2, X) 2)
N e ¥ PLL, A e* P (L, A
i=1

<[V — D)  pll3 o gy + V(D = D) 5 plfec o) + Ve # (p = p°) |20 s

2 2 2 2
<2¢ ||p||Loo(07T;W1,q(]Rd)) + ||P - pE||Loo(07T;L1(]Rd)nLao(Rd)) < Cet = N2B
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By splitting Q = A, U AS,, we have that for 5 € (0, 5s) and v = 2(a — 3)
it holds

1928 By V8
Mo + Mg SCN—z C(y )T

< C(N2Bd=a) | \26(d=1)=7y — p2(6d—a),

The term Mi3 can be estimated by directly applying the law of large
number, namely

9Pl ey

£2(1-d)

Mz < C = CNZAld=1)=1
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The L! convergence follows from:

@ Relative entropy estimate:

H(p" 2 |pEN) < Cmin{N~F N~%} - 0.
@ Super-Additivity of Relative Entropy:

1 1 .
p®N) _ *HN(/JN’E|,0®N) > 7Hk(pN,e,k‘p®k)

(o™ N = 2%k

@ Csiszar-Kullback-Pinsker:

I _gHil(Rd) < 2H(flg)

Therefore, we obtain
N,e;1

0™ = pllr ey — 0.
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THANKS FOR YOUR ATTENTION!
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